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Chapter 1

Prelude

People are so afraid of convex analysis.

—Claude Lemaréchal, 2003

Convex Analysis is the calculus of inequalities while Convex Optimization
is its application. Analysis is inherently the domain of the mathematician
while Optimization belongs to the engineer. It can be difficult for the engineer
to apply theory without understanding Analysis. Boyd & Vandenberghe’s
book Convex Optimization [1] is a marvelous bridge between the two dis-
ciplines; rigorous though accessible to non-mathematicians. Their text was
conventionally published in 2004 having been taught at Stanford University
and made freely available on the world-wide web for ten prior years;’! a
dissemination motivated by the belief that a virtual flood of new appli-
cations would follow by epiphany that many problems hitherto presumed
non-convex could be transformed or relaxed into convexity. [2] [3] [4] [5] [6]
7, 64.3,p.316-322] [8] [9] [10] Subsequently there were great advances, par-
ticularly in the electronic circuit design industry. [7, §4.7] [11] [12]-[21]

1.0.© 2001 Jon Dattorro, all rights reserved.
L1Tts influence has already great impact; the web holds countless copies in bits and pieces
spanning the book’s evolution.
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16 CHAPTER 1. PRELUDE

These pages constitute the author’s journal over a six year period filling
some remaining gaps between mathematician and engineer. Consequently
there is heavy cross-referencing and very much background material provided
in the text, footnotes, and appendices so as to be more self-contained and
to provide an understanding of fundamental concepts. Material contained in
Boyd & Vandenberghe is, for the most part, not duplicated here although
in some instances (e.g., matrix-valued functions and calculus (§3), linear
algebra, geometry, nonorthogonal and orthogonal projection, semidefinite
programming (§6), etcetera) we expand or elaborate topics found particularly
useful in the study of Euclidean distance geometry, the main focus of the
present work. In that sense, this journal may be regarded as a companion to
Boyd & Vandenberghe.

1.1 Overview

The study of Euclidean distance matrices (EDMs) fundamentally asks what
can be known geometrically given only distance information between points
in Euclidean space. Each point may represent simply location or, abstractly,
any entity expressible as a vector in finite-dimensional Euclidean space: thus
inclusive of nearly all contemporary discrete signals and systems; e.g., the
discrete Fourier transform (DFT).1? The answer to the question posed is that
very much can be known; the mathematics is rich and deep. Throughout we
cite beacons of historical accomplishment in this area of geometry. The
application of EDMs has already proven invaluable in discerning biological
molecular conformation. [22] The emerging practice of localization in wireless
sensor networks or the global positioning system (GPS) will certainly simplify
and benefit from this theory as well.

We study the pervasive convex bodies and their various representations.
In particular, we make convex polyhedra, cones, and dual cones more vis-
ceral through illustration in chapter 2, and we study the geometric relation
of polyhedral cones to nonorthogonal bases (biorthogonal expansion). The
conic analogue to linear independence, called conic independence, is intro-
duced as a new tool in the study of classical cone theory; the logical next
step in the progression: linear, affine, conic.

12Yet to date there is no recorded appearance of EDMs in this particular field of
engineering except §4.15.1 herein.
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The concept of faces and extreme points and directions of convex bodies
is explained here in chapter 2; crucial to the understanding of convex op-
timization problems in later chapters, as all convex optimization problems
have quite visual geometric analogues. Any convex optimization problem has
a geometric interpretation. This is, in fact, the main attraction of convex
optimization; the ability to visualize geometry of a problem. This chapter
provides tools to make those visualizations easier.

Chapter 3 presents pertinent results for multidimensional convex func-
tions ignored in the literature; tricks and tips for determining their convexity
and discerning their geometry.

The Euclidean distance matrix (EDM) is studied in chapter 4, its prop-
erties and relationship to positive semidefinite (PSD) and Gram matrices.
Problem types solvable via EDMs, and EDM problems posed as convex opti-
mization is discussed; e.g., we generate an isotonic map of the United States
using only comparative distance information (no distance information, only
distance inequalities). The DFT is related to EDMs, a connection to digital
signal processing of which we are previously unaware.

In chapter 5 we illustrate the geometric relationship between EDM and
PSD cones. In particular we explain geometric requirements for projection
of a candidate matrix on the PSD cone that establish its membership to the
EDM cone. The faces of the EDM cone are described, but still open is the
question whether all its faces are exposed as they are for the PSD cone. The
classic Schoenberg criterion relating EDM and PSD cones is revealed to be a
discretized membership relation (a generalized inequality, a new Farkas’-like
lemma) between the EDM cone and its ordinary dual.

Semidefinite programming is reviewed in chapter 6 with particular atten-
tion to optimality conditions of the primal and dual programs, their interplay,
and the perturbation method of rank reduction of optimal solutions (extant
but not as well known as should be).

Chapter 7 explores methods of solution to a few fundamental and preva-
lent Euclidean distance matrix proximity problems emphasizing projection
methods on polyhedral cones of eigenvalues (spectral projection) for rank
minimization, and their relation to convex optimization and Procrustes tech-
niques (§C.2). We also derive a novel expression for the EDM cone as an
intersection and vector sum of two subspaces and the PSD cone.
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Chapter 8 investigates Fuclidean distance matrix completion problems
and their relationship to convex optimization. What is the least amount of
data contained in an incomplete EDM that makes the corresponding points in
Euclidean space uniquely discernible to within an isometry? We demonstrate
a novel procedure for partitioning a large problem into many small problems
whose solutions are unique, easy to solve, and can be assembled into the
solution of the original large problem.



Chapter 2

Convex geometry

Convezxity has an immensely rich structure and numerous appli-
cations. On the other hand, almost every “convex” idea can be
explained by a two-dimensional picture.

—Alexander Barvinok [23]

There is relatively less published pertaining to matrix-valued convex sets
and functions. [24] [25, §6.6] As convex geometry and linear algebra are
inextricably bonded, we provide much linear algebra background material
(especially in the appendices) although it is assumed the reader is comfort-
able with [26], [27], [28], or any other intermediate-level text. The essential
references to convex analysis are [29] [30]. The reader is referred to [31] [23]
[32] [33] [1] [34] [35] for a more comprehensive treatment of convexity.

20.© 2001 Jon Dattorro, all rights reserved.

19



20 CHAPTER 2. CONVEX GEOMETRY

2.1 Convex set

A set C is convex iff for all Y, Z€C and 0<pu<1,
wY +(1—pzecC (1)

Under that defining constraint on i, the linear sum in (1) is called a convex
combination of Y and Z. If Y and Z are points in Euclidean vector space
R"™ or R™*" then (1) represents the closed line segment joining them. All
line segments are thereby convex sets. Apparent from the definition, a convex
set is a connected set. [36, §3.4,83.5] [33, p.2]

The idealized chicken egg, an ellipsoid (Figure 2.1(c)), is a good organic
icon for a convex set in three dimensions R3.

2.1.0.1 subspace

A subset of Euclidean vector space R" is called a subspace (§2.4) if every
vector of the form ax+ [y, for a,F€ R, is in the subset whenever x and y
are. (37, §2.3] A subspace is a convex set containing the origin, by definition.
[30, p.4] It is not difficult to show

R" = —R" 2)

as is true for any subspace R, because r€R" < —zreR".

Any subspace not constituting the entire ambient vector space is a proper
subspace; e.g., any line through the origin in two-dimensional Euclidean
space R2. The vector space R™ is itself a conventional subspace, inclusively,
(38, §2.1] although not proper.

2.1.0.2 affine set

An affine set (from the word affinity) is any subset of R" that is a transla-
tion of some subspace, hence convex; e.g., (}, point, line, plane, hyperplane
(8§2.3.2), subspace, etcetera. The intersection of an arbitrary collection of
affine sets remains affine. The affine hull of a set C C R" (§2.2.1) is the
smallest affine set containing it.
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2.1.0.3 dimension

Dimension of an arbitrary set S is the dimension of its affine hull; [32, p.14]
dim S 2 dimaff S (3)

the same as dimension of the subspace parallel to that affine set. Hence
dimension is synonymous with affine dimension. [29, A.2.1]

2.1.0.4 relative interior

Whenever a point x lies interior to some set C CR", then we say its interior
int C is a neighborhood of x . [36, §2.1.1] We distinguish interior from relative
interior throughout. [31] [32] [35] The relative interior of a convex set C is
its interior relative to its affine hull.>! Thus defined, it is common (though
confusing) for the interior of C to be empty while its relative interior is not:
this happens whenever dimension of its affine hull is less than dimension of
the ambient space (dimaff C<n, e.g., were C a flat piece of paper in R?) or
in the exception when C is a single point; [36, §2.2.1]

rel int{z} 2 aff{z} = {z}, int{x} =0, reR" (4)

In any case, the closure of the relative interior of a convex set always yields
the closure of the set itself; relint C=C.

2.1.0.5 emptiness

Emptiness of a set () is handled differently than interior in the classical
literature. It is common for a nonempty convex set to have empty inte-
rior; [29, §A.2.1] e.g., paper in the real world. Thus the term relative is the
conventional fix to this ambiguous terminology:>2

An ordinary flat piece of paper is a nonempty convex set having
relatively nonempty interior.

21Likewise for relative boundary, although relative closure is superfluous. [29, §A.2.1]
2-2Superfluous mingling of terms as in relatively nonempty set would be an unfortunate
consequence.
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. —— R
(a)

(c) R®

Figure 2.1: Showing intersection of line with boundary of convex FEuclidean
object can be a point: (a) Boundary consists of two points. Intersection of
line with ellipsoid in R, (b) in R?, (c) in R

2.1.0.6 classical boundary

The classical definition of boundary of a set C is the closure of C less its
interior presumed nonempty; [39, §1.1]

9C =C\intC (5)

which follows from the fact intC = C assuming nonempty interior. One
implication is: an open set has a boundary defined although not contained
in the set.

2.1.0.7.1 Example. Orthant: Name given to a closed convex set
that is the higher-dimensional generalization of quadrant from the classi-
cal Cartesian partition of R%. The most common is the nonnegative orthant
R} or R (analogue to quadrant I) to which membership denotes all non-
negative vector- or matrix-entries respectively;

R" 2 {zeR" | ;>0 Vi} (6)

The nonpositive orthant R” or R2*"™ (IIT) denotes negative and 0 entries.
The orthant RI. for example, identifies the region in R™ whose members’
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sole negative coordinate is their i*" (Il or IV). Orthant convexity®? is easily
verified by definition (1). O

2.1.0.8 sum, product, difference

The wvector sum of two convex sets C; and C,
Cl+02:{x+y\xecl,yecg} (7)

and Cartesian product

clch:{[”y“"]mecl,yeq} (8)

remain convex. By additive inverse, we can similarly define the wvector
difference of two convex sets

Ci—C={z—y|zel, yels} 9)

which is convex. Applying this definition to nonempty convex C; , the self-
difference C;— C; is generally nonempty, nontrivial, and convex.

Convex results are also obtained for scaling xC , rotation/reflection QC,
or translation C+a of a convex set C; all similarly defined.

Given any operator 7' and convex set C, we are prone to write T'(C)
meaning

T(C) 2 {T(x) | xeC} (10)
Given linear operator T, it therefore follows from (7),
T(Ci+C) ={T(x+y)|z€C, yels}
={T(x)+ T(y) [ z€C1, yelo} (11)
= T(C) + T(Cy)

2.1.0.9.1 Theorem. Intersection. [1,§2.3.1] [30, §2] The intersection
of an arbitrary collection of convex sets is convex. o

Note that the converse is implicitly false in so far as a convex set can be
formed by the intersection of sets that are not.

23 All orthants are self-dual simplicial cones. (§2.8.3.2, §2.7.3.0.1)
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Together with the theorems of §E.8.0.0.1 it can be shown, for example,
that a line can intersect the boundary of a convex set in any dimension at a
point. This is intuitively plausible because a line intersects the boundary of
the similar convex objects in Figure 2.1 at a point in R, R?, and R3.

2.1.0.10.2 Theorem. Image, Inverse image. (30, §3] [1, §2.3.2]
Let f be a mapping from RP** to R™*™.

e The image of a convex set C under any affine function (§3.1.1.1)
fC0) ={fX) | Xel} CR™™ (12)
is convex.

e The inverse image®* of a convex set F ,
FHFR) ={X | [(X)eF} R (13)

a single or many-valued mapping, under any affine function f is convex.
o

In particular, any affine transformation of an affine set remains affine.
130, p.§]

Each converse of this two-part theorem is generally false; id es
f affine, a convex image f(C) does not imply that set C is convex, and nei-
ther does a convex inverse image f~(F) imply set F is convex. A counter-
example is easy to visualize when the affine function is an orthogonal pro-
jector [26] [37]:

t,2% given

2.1.0.11.3 Corollary. Projection on subspace. [30, §3]*¢
Orthogonal projection of a convex set on a subspace is another convex set.
o

Again, the converse is false. Shadows, for example, are umbral projections
that can be convex when the object providing the shade is not.

24Gee §2.6.6.3.4 for an example.

2-5The expansion of common Latin terms reflects the author’s disdain for acronyms; e.g.,
www. Yet we will substitute the abbreviation e.g. in place of the Latin exempli gratia.

26The corollary holds more generally for projection on hyperplanes (§2.3.2); [32, §6.6]
hence, for projection on affine subsets (§2.2.1, nonempty intersections of hyperplanes).
Orthogonal projection on affine subsets is reviewed in §E.4.
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2.1.1 Vectorized matrix inner product

Euclidean space R" comes equipped with a linear vector inner product

(y,2) = y"2 (14)

Two vectors are orthogonal (perpendicular) to one another if and only if their
inner product vanishes;

ylz e (y,2)=0 (15)

An inner product defines a norm

A
lyll2 = VyTy lyllo=0 & y=0 (16)

When orthogonal vectors each have unit norm, then they are orthonormal.
For linear operations on vectors represented by real matrices, the adjoint
operation is transposition and defined for matrix operator A by [38, §3.10]

(Ay,z) = (y, ATz) (17)

The vector inner product for matrices is calculated just as it is for vectors
by first transforming a matrix in RP** to a vector in RP* by concatenating
its columns in the natural order. For lack of a better term, we shall call that
linear bijective transformation wvectorization. For example, the vectorization
of Y= [y ys--- yx] € RP*¥ [40] [41] is

Y
vecY 2 y:Q € RP* (18)
Yk
Then the vectorized-matrix inner product is the trace of the matrix inner
product; for Z € RP* | [1, §2.6.1] [29, §0.3.1] [42, §8] [43, §2.2]

Y, 2) 2 tr(YTZ) = vee(Y) vec Z (19)
where

tr(Y'Z) =tr(ZY") = t2(YZT) = tr(ZTY) = 11 (Y 0 Z)1 (20)
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and where o denotes the Hadamard product®” of matrices [28] [44, §1.1.4].
The adjoint operation can therefore be defined in like manner:

(AY, Z) = (Y, A*Z) (21)

For example, take any element C; from a matrix-valued set in RP**
and consider any particular dimensionally compatible real vectors v and
w. Then the vector inner product of C; with vw? is

(vw”, 1) = v"Cw = tr(wv"Cy) = 1" ((vw")o Cy) 1 (22)

Example. Application of the image theorem. Suppose the set C C RP*F
is convex. Then for any particular vectors v € RP and w € R, the set of vector
inner products

Y 2 cw = (vw”, C) CR (23)

is convex. This result is a consequence of the image theorem. Yet it is
easy to show directly that a convex combination of inner products from Y
remains an element of ) .2® O

More generally, vw? in (23) may be replaced with any particular matrix
7 € RP** while convexity of the set (Z, C) C R persists. Further, replacing
v and w with any particular respective matrices U and W of dimension
compatible with convex set C, the set UTCW is convex by the image theorem
because it is a linear mapping of C.

27The Hadamard product is a simple entry-wise product of corresponding entries from
two matrices of like size; id est, not necessarily square.

28To verify that, take any two elements C; and Cy from the convex matrix-valued set C ,
and then form the vector inner products (23) that are two elements of ) by definition.
Now make a convex combination of those inner products; videlicet, for 0<u<1,

plow’, C1) + (1—p)(ow’, C) = (vw’, uCi+ (1—p)Ca) (24)

The two sides are equivalent by linearity of the inner product. The right-hand side remains
a vector inner product of vw? with an element pCy + (1 — p)C2 from the convex set C;
hence belongs to ). Since that holds true for any two elements from ), then it must be
a convex set. ¢
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2.1.1.1 Frobenius’

When Z=Y € RP** in (19), Frobenius’ norm is resultant;
VI = llvecY[; = (Y, Y) = tr(YTY) = 6(YYT)"1
= SV = SATY) = So(V)? (25)
i:j i i

where A(YTY); is the i eigenvalue of Y7Y , and o(Y); the i*® singu-
lar value of Y. Were Y a normal matrix (§A.5.2), then o(Y) = |A(Y)]
[45, §8.1] thus

Yle = Z)\ = A3 (26)
The converse (26) = normal Y also holds. [28, §2.5.4] Because the metrics
| vec X —vec Y|y = || X =Y ||r (27)

are equivalent and because vectorization (18) is a linear bijective map, then
vector space RP** is isometrically isomorphic with vector space RP* in the
Euclidean sense and vec is an isometric isomorphism on RP** (but not on
the vector space that is the range or nullspace associated with a particular
matrix (§2.4, e.g., p.217)).>? Because of this Euclidean structure, all the
known results from convex analysis in Euclidean space R" carry over directly
to the space of real matrices RP**.

The Frobenius norm is orthogonally invariant; meaning, for X,Y € R
and compatible orthonormal matrix U and orthogonal matrix (),

pxk

VX =Y)Qlr = [X=Y]r (28)

29 An isometric isomorphism of a vector space is a linear bijective mapping T’ (one-to-one
and onto [38, App.Al.2]) that preserves distance; id est, for all z,y€dom T,

[Tz — Tyl = [l -yl

Unitary linear operator @ : R” — R" representing orthogonal matrix Q€ R"*" (§B.5), for
example, is an isometric isomorphism. Yet isometric operator T : R?2 > R3 representing

1 0
T=10 1
0 0

is injective on R? but not a surjective map [38, §1.6] to R3.
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2.1.2 Symmetric matrices

Definition. Symmetric subspace. Define a subspace of RM*M: the
convex set of all symmetric M x M matrices;

SM 2 TAeRM*M | A= AT} C RM*M (29)

This subspace comprising symmetric matrices SM is isomorphic
38, §2.8-8,63.2-2]>10 [46] with the vector space RMM*D/2 whose di-
mension is the number of free variables in a symmetric M x M matrix. The
orthogonal complement [26] [37] of SM is

SML 2 LAeRMM | A=—AT) ¢ RMXM (30)
the subspace of all antisymmetric matrices in R®*M: jd est,

sMg sMt = RM*M (31)
A

All antisymmetric matrices are hollow by definition (have 0 main-
diagonal). Any square matrix A € R™*M can be written as the sum of
its symmetric and antisymmetric parts: respectively,

1 1
A= 5(A+AT)+§(A—AT) (32)
The symmetric part is orthogonal in R *to the antisymmetric part; videlicet,

tr((A"+A)(A-A")) =0 (33)

In the ambient space of real matrices, the antisymmetric subspace can be
described

1
sM+ 2 {E(A — A7) | AGRMXM} c RMxM (34)

because any matrix in SM is orthogonal to any matrix in S”*. Further
confined to the ambient subspace of symmetric matrices, because of anti-
symmetry, SM* would become trivial.

210An isomorphism of a vector space is a transformation equivalent to a linear bijective
mapping. The image and inverse image under the transformation operator are then called
isomorphic vector spaces.
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2.1.2.1 Isomorphism on symmetric subspace

When a matrix is symmetric in S, we may still employ the vectorization
transformation (18) to RM”: vec, an isometric isomorphism. We might in-
stead choose to realize in the lower-dimensional subspace RM¥M+1/2 1y jg
noring redundant entries (below the main diagonal) during transformation.
Such a realization would remain isomorphic but not isometric. Lack of isom-
etry is a spatial distortion due now to disparity in metric between R™ * and
RMM+D/2 Ty realize isometrically in RM®™*D/2 e must make a correc-
tion: For Y = [V;;] € SM we introduce the symmetric vectorization

svecY 2 V2V e RMM+D/2 (35)

Yams

where all entries off the main diagonal have been scaled. Now for Z e SY,
(Y, Z) 2 tr(Y'Z) = vec(Y) vec Z = svec(Y) svec Z (36)
Then because the metrics become equivalent
| svec X —svecY|s = | X =Y||r (37)

whenever X € S, and because symmetric vectorization (35) is a linear
bijective mapping, svec is an isometric isomorphism on the symmetric matrix
subspace; in other words, SM is isometrically isomorphic with RMM+1/2 iy
the Euclidean sense under the transformation svec.

The set of all symmetric matrices SM forms a proper subspace in RM*M

so for it there exists a standard orthonormal basis in isometrically isomorphic
RM(M+1)/2.
Y
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where M (M + 1)/2 standard basis matrices E;; are formed from the stan-
dard basis vectors e; € RM. Thus we have a basic orthogonal expansion for

YesY,
M
Y = ZZ Y (39)

7j=1 =1

whose coefficients

Yi, i=1...M

E;Y) = 40
Wi, Y) {Y;jﬁ, 1<i<j<M (40)

correspond to entries of the symmetric vectorization (35).

2.1.2.2 Symmetric hollow matrices

Definition. Symmetric hollow subspace. [47] Define a subspace of
RM*M. the convex set of all symmetric M x M matrices having 0 main-
diagonal;

Saf 2 {AesM|(A)=0} c RMM (41)

where the main diagonal of A € RM** is denoted (§A.1)
5(A) e RM (42)

This subspace comprising symmetric hollow matrices is isomorphic with sub-
space RMM=D/2 " The orthogonal complement of 884 is

Sat 2 LAeRMM | A= —AT 4 25%(A)} C RM*M (43)
the subspace of all antisymmetric antihollow matrices in RM*M: id est,
SM @ SML = RMXM (44)
Yet defined instead as a proper subspace of SV,
Sa 2 [AesM|§(A) =0} csM (45)
the orthogonal complement S§'* of S{ in ambient S

Syt 2 [AesM | A=5%(A)} C sV (46)
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is simply the set of all diagonal matrices; id est,

Sy’ @ St = s (47)
A

Any matrix A€ RM*M can be written as the sum of its symmetric hollow
and antisymmetric antihollow parts: respectively,

A= G(A 4 AT - 52(A)) + (%(A _ATY 4 52(A)) (48)

The symmetric hollow part is orthogonal in RM * to the antisymmetric anti-
hollow part; videlicet,

fr ((%(A LATY - 5%4)) (%(A _ ATy ¢ 52(A)>) ~0 (49)

In the ambient space of real matrices, the antisymmetric antihollow subspace
is described

1
SML 2 {E(A — AT) 4+ 6%(4) | AGRMXM} C R (50)

because any matrix in S is orthogonal to any matrix in S)'*. Yet in the
ambient space of symmetric matrices S, the antihollow subspace is non-
trivial;

Syt 2 {6%A) | AesM) = {6(u) | ueRM} C SV (51)

In anticipation of their utility with Euclidean distance matrices (EDMs)
in §4, we introduce the linear bijective vectorization dvec that is the natural
analogue to symmetric matrix vectorization svec (35) for symmetric hollow
matrices: For Y = [V;]€ Sy,

dvecy 2 v2| Yu e RMM-1/2 (52)
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Like before, dvec is an isometric isomorphism on the symmetric hollow sub-
space.

The set of all symmetric hollow matrices S’ forms a proper subspace in
RM*M 5o for it there must be a standard orthonormal basis in isometrically

isomorphic RMM-1/2,

1 . .
{E,-jESf)V[} = {E(eie]r—l— ejeiT), 1§1<3§M} (53)

where M (M —1)/2 standard basis matrices £;; are formed from the standard
basis vectors e; € RM.
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Figure 2.2: Convex hull of a random list of points in R®. Some points
from that generating list reside in the interior of this convex polyhedron.
[48, Convex Polyhedron] (Avis-Fukuda-Mizukoshi)

2.2 Hulls

2.2.1 Affine dimension, affine hull
Ascribe the points in a list {zy € R", {=1... N} to the columns of matrix X ;
X =[x - ay] e RV (54)

The affine dimension of any nonempty list (or set) in R" is the dimension
of the smallest affine set (empty set, point, line, plane, hyperplane (§2.3.2),
subspace, R™) that contains it. Affine dimension is the same as the dimension
of the subspace parallel to that affine set. [30, §1] [29, §A.2.1] In particular,
we define the affine dimension r of the N-point list X as the dimension of
the smallest affine set in Euclidean space R" that contains X ; 7 is a lower
bound sometimes called the embedding dimension [47] [49]:

r 2 dimaff X (55)

That affine set in which the points are embedded is unique and called the
affine hull [1, §2.1.2] [31, §2.1];

A2 aff {z;, (=1...N} = aff X = {Xa|a"1=1} C R (56)

The subspace of all symmetric matrices S™, for example, is the affine hull
of the cone of positive semidefinite matrices; (§2.6.6)

aff ™ = §™ (57)
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Given some arbitrary set C and any x€C,
aff C = x + aff(C — x) (58)

where aff(C—x) is a subspace. Affine transformations preserve affine hulls.
Given any affine mapping 7', [30, p.§]

aff(TC) = T'(aff C) (59)

We analogize affine subset to subspace,®!! defining it to be any nonempty
affine set that is a subset of R" and parallel to a subspace. All affine sets are
convex.

2.2.2 Convex hull

The conver hull [29, §A.1.4] [1, §2.1.4] [30] of any bounded®'? list (or set)
of N points X € R™¥ forms a unique convex polyhedron (§2.7.0.0.1) whose
vertices constitute some subset of that list;

P 2 conv{z,, {=1...N} = convX = {Xa|a'l=1,a=0} C R"
(60)

The union of the relative interior and relative boundary of the polyhedron

comprise the convex hull P, the smallest closed convex set that contains the

list X ; e.g., Figure 2.2. Given P, the generating list {x,} is not unique.
Given some arbitrary set C,

convC C aff C = aff C = aff convC (61)

2.2.2.1 Comparison with respect to Rf

The notation a > 0 means vector a belongs to the nonnegative orthant
]Rf , whereas a>b denotes comparison of vector a to vector b on RY with
respect to the nonnegative orthant; id est, a = b means a—b belongs to the
nonnegative orthant. In particular, a = b < a; = b; Vi. (198)

211 The popular term affine subspace is an oxymoron.
212A set in R™ is bounded if and only if it can be contained in a Euclidean ball having
finite radius. [50, §2.2] (confer §4.7.3.0.1)
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Figure 2.3: A simplicial cone (§2.7.3.0.1) in R® whose boundary is drawn
truncated; constructed using A€ R*® and C' = 0 in (159). By the most
fundamental definition of a cone (§2.6.1), the entire boundary can be con-
structed from an aggregate of rays emanating exclusively from the origin.
The extreme directions are the directions of the three edges (§2.5); they are
conically and linearly independent for this cone. Because this set is poly-
hedral, the exposed directions are in one-to-one correspondence with the
extreme directions; there are only three.

2.2.2.1.1 Example. Convez hull of outer product. [51, §3] [52, §2.4]
conv{XXT | Xe R"* XTX =1} ={AeS"|[I=A»0, (I,A)=k}
(62)
O
2.2.3 Conic hull

In terms of a finite-length point list (or set) arranged columnar in X € R™"
(54), its conic hull is expressed

K £ cone{z;,(=1...N} = coneX = {Xa|a>0} C R" (63)

The conic hull of any list forms a polyhedral cone [29, §A.4.3] (§2.7.1; e.g.,
Figure 2.3); the smallest closed convex cone that contains the list.
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Given some arbitrary set C, it is apparent

convC C coneC (64)

2.2.3.1 Vertex-description

The constraints in (56), (60), and (63) respectively define an affine, convex,
and conic combination of elements from the set or list. Whenever a Euclidean
object can be described as some hull or span of a set of points, then that
representation is loosely called a vertex-description.

2.3 Halfspace, Hyperplane

A two-dimensional affine set is called a plane. An (n — 1)-dimensional affine
set in R™ is called a hyperplane. [30] [29] Every hyperplane partially bounds
a halfspace (which is convex but not affine).

2.3.1 Halfspaces H, and H_

Euclidean space R" is partitioned into two halfspaces by any hyperplane
OH; id est, H_+ H, = R". The resulting (closed convex) halfspaces, both
partially bounded by OH , may be described

Ho={ylay<b} ={y|d(y—y,) <O} CR" (65)
He ={ylady>b} ={yla(y—y,) >0} CR" (66)

where nonzero vector a € R" is an outward-normal to the hyperplane partially
bounding ‘H_ while an inward-normal with respect to H, . Visualization is
easier if we say b=a’y, € R. Then for any vector y—y, that makes an
obtuse angle with normal a, y will lie in the halfspace H_ on one side
(shaded in Figure 2.4) of the hyperplane, while acute angles denote y in H,
on the other side.

An equivalent more intuitive representation of a halfspace comes about
when we consider all the points in R" closer to point d than to point ¢ or
equidistant, in the Euclidean sense; from Figure 2.4,

Ho={y | lly—dl <lly—cll} (67)
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OH={y | a"y=0}

N(a")={y | a"y=0}

Figure 2.4: Hyperplane illustrated 0'H is a line partially bounding halfspaces
H_={y|a"y<b} and H, ={y|a’y >b} in R?®. Shaded is a rectangular
piece of semi-infinite H_ with respect to which vector a is outward-normal
to bounding hyperplane; vector a is inward-normal with respect to H, . In
this particular instance, H_ contains nullspace A (a’) (dashed line through
origin) because b> 0. Hyperplane, halfspace, and nullspace are each drawn
truncated. Points ¢ and d are equidistant from hyperplane, and vector
c¢—d is normal to it. A is distance from origin to hyperplane.
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This representation, in terms of proximity, is resolved with the more con-
ventional representation of a halfspace (65) by squaring both sides of the
inequality in (67);

H:{M@—dﬁm@} ~{le-ar(v-5%) <o}
(69)

A halfspace may be represented just as well using a matrix variable Y .
For A)YeR™" and b= (A,Y,) € R, (§2.1.1)

H_ = {YeR™ | (A,Y)
Hy = {YER™ | (A7)

b} {YER’”" \ <A,Y—Y;,> < 0} (69)
b} = {YER™ [ (A,Y-Y,) 20} (70)

<
>

2.3.1.1 PRINCIPLE 1: Halfspace-description of convex sets

The most fundamental principle in convex geometry follows from the
geometric Hahn-Banach theorem [37, §5.12] [53, §1] that guarantees any
closed convex set to be an intersection of halfspaces.

2.3.1.1.1 Theorem. Halfspaces. [1, §2.3.1] [30, §18]
29, §A.4.2(b)] [33, §2.4] A closed convex set in R" is equivalent to the
intersection of all halfspaces that contain it. o

The intersection of multiple halfspaces may be represented using a matrix
constant A ;

(VHi = {y 1 ATy 20} = {y [ ATy —p,) 20} (71)

(VHir = {y 1 ATy = b} = {y | ATy~ y,) = 0} (72)

where b is now a vector, and the i'" column of A is normal to a hyperplane
OH,; partially bounding H, . By the halfspaces theorem, intersections like
this can describe interesting convex FKuclidean objects such as polyhedra and
cones, giving rise to the term halfspace-description.
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{y|a"y=1} {y | bTy=-1}

{y | a"y=-1} {y | b"y=1}

{y | Ty=1} {y | d'y=-1}

{y | y=-1} {y | d'y=1}

AR
|

el e2

Figure 2.5: Hyperplanes in R? (truncated). Hyperplane movement in di-
rection of normal increases inner product. This simple visual concept can

be exploited to attain the analytic solution of some linear programs; e.g.,
1, exer.4.8-4.20]
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2.3.2 Hyperplane OH representations

Every hyperplane OH is an affine set parallel to an (n — 1)-dimensional sub-
space of R"; it is itself a subspace if and only if it contains the origin.

dimOH =n—1 (73)

Every hyperplane can be described as the intersection of complementary
halfspaces; [30, §19]

OH=H-NHy ={y|a"y=b,dy=b} = {yldy=0b} (74

a halfspace-description. Assuming normal a € R" to be nonzero, then any
hyperplane in R" can be described as the solution set to the vector equation
a’y =1, illustrated in Figure 2.4 and Figure 2.5 for R?;

OH = {y|aTy=b} = {y|a’(y—y,) =0} = {Z&+y, | EER™} C R (75)

All solutions y constituting the hyperplane are offset from the nullspace of
a® by the same constant vector y, € R" that is any particular solution to
a'y=0b; id est,

y=2&+1yp (76)

where the columns of Ze&R™"™ ! constitute a basis for the nullspace
N(aT) 213

Conversely, given any point y, in R", the unique hyperplane contain-
ing it having normal a is the affine set 9H (75) where b equals a’y, and
R(Z) = N(a"). The hyperplane dimension is apparent from the dimensions
of Z; the hyperplane is parallel to the span of its columns.

2.3.2.1 Distance from origin to hyperplane

Given the (shortest) distance A €R, from the origin to a hyperplane having
normal vector a, we can find its representation 0H by dropping a perpendic-
ular. The point thus found is the orthogonal projection of the origin on OH
(§E.5.0.1.5), equal to aA/|la|| if the origin is known a priori to belong to

213We will later find this expression of y in terms of nullspace of a’ (more generally, of
matrix A7) to be a useful device for eliminating affine equality constraints, much as we
did here.
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halfspace H_ (Figure 2.4), or to —aA/||a|| if the origin belongs to halfspace
H, ; id est, when H_30

OH = {y|a’(y —al/[all) =0} = {y|a"y = [alA} (77)
or when H, >0

OH = {y|a'(y+ad/[al) =0} = {y|a'y=—lla]A} (78
Knowledge of only distance A and normal a thus introduces ambiguity into
the hyperplane representation.
2.3.2.2 Matrix variable

Hyperplanes may be represented equally well using matrix variables instead.
For A)YeR™" and b= (A,Y,) € R, (§2.1.1)

OH = {YV [ (A,Y)=0b} = {Y | (A, Y-Y,) =0} CR™ (79

Vector a is normal to the hyperplane illustrated in Figure 2.4. Likewise in
the case of matrix variables, for nonzero A we have

ALl OH inR™ (80)

2.3.2.3 Vertex-description of hyperplane

A hyperplane may be described as the affine hull of a minimal set of points
{z,} arranged columnar in a matrix X € R™*" (54):

OH = aff{z,eR"} | {=1...n, dimaff{z,;}=n—1
=aff X | dimaff X=n—1
=x1+ R{xy—x1} | £=2...n, dimR{z; —z1}=n—1
=21+ R(X —217) | dmR(X — 2117) = n—1

(81)

2.3.2.3.1 Affine independence, minimal set. For affine sets, a mini-
mal set of points constituting a vertex-description is an affinely independent
(a.i.) descriptive set and wvice versa; {z,, {=1...n} is affinely independent
if and only if {xy—x1, (=2...n} is linearly independent (1.i.). [29, §A.1.3]
[54, §3] We deduce

li. = ai. (82)
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yp H+
(a) @
s oM
Yp H_
(b)
a
Hy OH,

Figure 2.6: (a) Hyperplane 0H_ supporting closed set J € R%. (b) OH.
unconventionally supporting . Tradition [29] [30] recognizes only positive
normal polarity in support function as in (84); id est, normal a figure (a).

2.3.2.3.2 Vertex-description of halfspace. Logically consequent to
hyperplane definition (81) comes a new representation of a halfspace

H=U o1+ R{z— a1} | (=2...n, dmR{x,— z1}=n—1
¢=0
= {(mi+R{xp—xi} | l=2...n, dmR{xy— x1}=n—1, (>0}
(83)

that is a union of parallel hyperplanes. Were x; normal to R{z, — 21},
then this halfspace could be designated H, by our convention; H_ would
correspond with ¢ <0.

2.3.2.4 PRINCIPLE 2: Supporting hyperplane

The second most fundamental principle of convex geometry also follows from
the geometric Hahn-Banach theorem [37, §5.12] [53, §1] that guarantees ex-
istence of at least one hyperplane in R" supporting a convex set (having
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)2.14

nonempty interior at each point on its boundary.

2.3.2.4.1 Definition. Supporting hyperplane OH . The partial bound-
ary OH of a closed halfspace containing arbitrary set ) is called a supporting
hyperplane M to ) when it contains at least one point of ). [30, §11] Specif-
ically, given normal a#0 (belonging to H, by definition), the supporting
hyperplane to Y at y,€ 9Y [sic] is

M- ={y|aly—y)=0, y€Y, a'(z-y,) <0 VzeV}
= {y | aly = sup{aTz]ZEy}}

where normal a and set ) reside in opposite halfspaces. (Figure 2.6(a)) The

(84)

real function oy(a) 2 sup{a’z|z€ Y} is called the support function of Y.
An equivalent but non-traditional representation is obtained by reversing
the polarity of normal a; (1166)

My ={y|ad"(y—y)=0, y€¥, @(z—y) >0 Vz€)}

= {y | a"y=—inf{a’z | 2€ Y} = sup{—a’z | z€ V}} (85)

where normal @ and set ) now reside in H, . (Figure 2.6(b))

When the supporting hyperplane contains only a single point of ), that
hyperplane is termed strictly supporting (and termed tangent to Y if the
supporting hyperplane is unique there [30, §18, p.169)). A

There is no geometric difference®!® between supporting hyperplane 9H.
or OH_ and an ordinary hyperplane OH coincident with them.

2.3.2.5 PRINCIPLE 3: Separating hyperplane

The third most fundamental principle of convex geometry again follows from
the geometric Hahn-Banach theorem [37, §5.12] [53, §1] that guarantees ex-
istence of a hyperplane separating two nonempty convex sets in R" whose
relative interiors are nonintersecting. Separation intuitively means each set
belongs to a halfspace on an opposing side of the hyperplane. There are two
cases of interest:

2141t is customary to speak of a hyperplane supporting set C but not containing C.
[30, p.100]

2:151f vector-normal polarity is unimportant, we may instead represent a supporting hyper-
plane by OH .
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1) If the two sets intersect only at their relative boundaries, then there
exists a separating hyperplane H containing the intersection but con-
taining no points relatively interior to either set. If at least one of the
two sets is open, conversely, then the existence of a separating hyper-
plane implies the two sets are nonintersecting. [1, §2.5.1]

2) A strictly separating hyperplane OH intersects the closure of neither
set; its existence is guaranteed when the intersection of the closures is
empty and at least one set is bounded. [29, §A.4.1]

2.4 Subspace representations

There are two common forms of expression for subspaces, both coming from
elementary linear algebra: range form and nullspace form; a.k.a., vertex-
description and halfspace-description.

The fundamental vector subspaces associated with a matrix A € R™*"
26, §3.1] are ordinarily related

R(AT) L N(A), N(AT) L R(A) (86)
and of dimension:
dim R(A") = dimR(A) = rank A < min{m ,n} (87)

dimN(A) =n —rank A, dim A (AT) = m — rank A (88)

From these four fundamental subspaces, the rowspace and range identify one
form of subspace description (range form or vertex-description (§2.2.3.1)),
respectively,

R(AT) £ {ATy | yeR™} = {zeR" | ATy=2, yeR(A)}  (89)
R(A) 2 {Az | 2€R"} = {yeR™| Az=y, z€R(AT)} (90)

while the nullspaces identify the second common form (nullspace form or
halfspace-description (74)),

N(A) 2 {zeR" | Az=0} (91)
N(ATY & {yeR™| ATy=0} (92)
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The range forms (89) (90) are realized as the respective span of the column
vectors in matrices AT and A.

The nullspace form (91) or (92) is the solution set to a linear equation
similar to hyperplane definition (75). Yet because matrix A generally has
multiple rows, halfspace-description N(A) is actually the intersection of as
many hyperplanes through the origin; for (91), each row of A is normal to a
hyperplane while for (92), each row of AT is a normal.

2.4.1 Subspace or affine set...

Any particular vector subspace R, can be described as N (A) the nullspace
of some matrix A or as R(B) the range of some matrix B.

More generally, we have the choice of expressing an n — m-dimensional
affine subset in R" as the intersection of m hyperplanes, or as the offset span
of n—m vectors:

2.4.1.1 as hyperplane intersection

Any affine subset A of dimension n—m can be described as an intersection
of m hyperplanes in R"; given fat full-rank (rank = min{m,n}) matrix

aj
A N mXn
AR ¢ |eRr (93)
Uy
and vector be R™,
A2 {zeR" | Az=b} = ({z | ale=0;} (94)

=1

a halfspace-description. (74)

For example: The intersection of any two independent hyperplanes in R?
is a line, whereas three independent hyperplanes intersect at a point. In R*,
the intersection of two independent hyperplanes is a plane, whereas three
hyperplanes intersect at a line, four at a point, and so on.

From the result in §2.3.2.3, any affine subset A therefore also has a vertex-
description.
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2.4.1.2 as span of nullspace basis

Alternatively, we may compute a basis for the nullspace of matrix A and
then equivalently express the affine subset as its range plus an offset: Define

7 £ basis N'(A) e ™™ (95)
so that AZ=0. Then we have the vertex-description,
A={Zt+z,| EeR"}CR" (96)

the offset span of n—m column vectors, where z, is any particular solution
to Axr=>b.

2.4.2 Intersection of subspaces

The intersection of nullspaces associated with two matrices A € R™*™ and
B e R ™ can be expressed most simply as

N(A)AN(B) = N({ED A (reR" | {g}x:()} (97)

the nullspace of their row-wise concatenation.

Suppose the columns of a matrix Z constitute a basis for N'(A) while the
columns of a matrix W constitute a basis for N (BZ). Then [44, §12.4.2]

N(A)NN(B) =R(ZW) (98)

If each basis is orthonormal, then the columns of ZW constitute an ortho-
normal basis for the intersection.
In the particular circumstance A and B are each positive semidefinite

[55, §6], or in the circumstance A and B are two linearly independent dyads
(§B.1.1), then

A,BeSY
NA)NN(B)=N(A+B), or (99)
A+ B =upwi +uywd  (1i)
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2.5 Extreme, Exposed

Definition. FExtreme point. An extreme point x. of a convex set C
is a point, belonging to its closure C [33, §3.3], that is not expressible as a
convex combination of points in C distinct from z. ; id est, for z. € C and
all x1,29€C\x.,

par+ (1 —pre # z., pel0,1] (100)
A

In other words, x. is an extreme point of C if and only if x. is not a point
relatively interior to any line segment in C. [35, §2.10]
The set consisting of a single point C={xz.} is itself an extreme point.

Theorem. FEzxtreme existence. [30, §18.5.3] [23, §I1.3.5] A nonempty
closed convex set containing no lines has at least one extreme point. ©

Definition. Fuce, edge. [29, §A.2.3]

e A face F of convex set C is a convex subset F C C such that every closed
line segment 7173 in C, having an interior-point = € relint z;z3 in F,
has both endpoints in F. The zero-dimensional faces of C constitute
its extreme points. The empty set and C itself are conventional faces

of C. [30, §18]

o All faces F are extreme sets by definition; d est, for F C C and all
x1, € C\F,

paor+(1—pey ¢ F, pel0,1] (101)

e A one-dimensional face of a convex set is called an edge.

A

The dimension of a face is the penultimate number of affinely independent
points (§2.3.2.3.1) belonging to it;

dim F = supdim{zs— 21, z3— 21, ... z,— 21 | 2, € F, i=1...p} (102)
P
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D

Figure 2.7: Closed convex set in R%. Point A is exposed hence extreme.
Point B is extreme but not an exposed point. Point C is exposed and extreme.
Point D is neither an exposed or extreme point although it belongs to a one-
dimensional exposed face. [29, §A.2.4] [31, §3.6] Closed face AB is exposed;
a facet. The arc is not a conventional face, yet it is composed entirely of
extreme points. The union of rotations of this entire set about its vertical
edge produces another set in three dimensions having no edges; the same is
false for rotation about the horizontal edge.

The point of intersection in C with a strictly supporting hyperplane iden-
tifies an extreme point, but not vice versa. The nonempty intersection of
any supporting hyperplane with C identifies a face, in general, but not wvice
versa. To acquire a converse, the concept exposed face requires introduction:

2.5.1 Exposure

2.5.1.0.1 Definition. FEzposed face, exposed point, vertex, facet.
29, §A.2.3, A.2.4]

e F is an exposed face of an n-dimensional convex set C iff there is a
supporting hyperplane OH to C such that

F=CNoH (103)

Only faces of dimension —1 through n—1 can be exposed by a hyper-
plane.

e An exposed point, the definition of wvertex, is equivalent to a zero-
dimensional exposed face; the point of intersection with a strictly sup-
porting hyperplane.
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e A facet is an (n — 1)-dimensional exposed face of an n-dimensional
convex set C ; in one-to-one correspondence with the (n—1)-dimensional

faces.>10
e {exposed points} = {extreme points}
{exposed faces} C {faces} A

2.5.1.1 Density of exposed points

For any closed convex set C, its exposed points constitute a dense subset of
its extreme points; [30, §18] [56] [31, §3.6, p.115] dense in the sense [48] that
closure of that subset yields the set of extreme points.

For the convex set illustrated in Figure 2.7, point B cannot be exposed
because it relatively bounds both the facet AB and the closed quarter circle,
each bounding the set. Since B is not relatively interior to any line segment
in the set, then B is an extreme point by definition. Point B may be regarded
as the limit of some sequence of exposed points beginning at C.

2.5.1.2 Face transitivity and algebra

Faces enjoy a transitive relationship. If Fj is a face (an extreme set) of F>
which, in turn, is a face of F3, then it is always true that F; is a face of
Fs. [30, §18] [57, def.115/6, p.358] For example, any extreme point of F is
an extreme point of F3. (The parallel statement for exposed faces is false.)
Yet it is erroneous to presume that a face, of dimension 1 or more, consists
entirely of extreme points, nor is a face of dimension 2 or more entirely
composed of edges, and so on.

For the polyhedron in R? from Figure 2.2, for example, the nonempty
faces exposed by a hyperplane are the vertices, edges, and facets; there are
no more. The zero-, one-, and two-dimensional faces are in one-to-one cor-
respondence with the exposed faces in that example.

Define the smallest face F of a convex set C containing some element G':

F(C>G) (104)

216 This coincidence occurs simply because the facet’s dimension is the same as the di-
mension of the supporting hyperplane exposing it.
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An affine set has no faces except itself and the empty set. The smallest face
of the intersection of C with an affine set A is [52, §2.4]

F(CNA)SG) = F(C>3G)N A (105)

2.5.1.3 Boundary

The classical definition of boundary of a set C presumes nonempty interior:
0C =C\intC (5)

More suitable for the study of convex sets is the relative boundary
29, §A.2.1.2]

rel 0C = C \ relint C (106)

which is conventionally equivalent to:

2.5.1.3.1 Definition. Conventional boundary of convez set. [29, §C.3.1]
The relative boundary 0C of a nonempty convex set C is the union of all the
exposed faces of C. A

Equivalence of these two definitions comes about because it is conven-
tionally presumed that any supporting hyperplane, central to the definition
of exposure, does not contain C. [30, p.100]

A bounded convex polyhedron (§2.7.0.0.1) having nonempty interior, for
example, in R has a boundary constructed from two points, in R? from
at least three line segments, in R® from convex polygons, while a convex
polychoron (a bounded polyhedron in R* [48]) has a boundary constructed
from three-dimensional convex polyhedra.

By Definition 2.5.1.3.1, an affine set has no relative boundary. Analogous
to the result (105) for faces of a convex set C intersecting an affine set A,

rel9(C N A) = 1el 9(C) N A (107)
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Figure 2.8: (a) Two-dimensional non-convex cone drawn truncated. Bound-
ary of this cone is itself a cone. [37,§2.4] (b) This convex cone (drawn
truncated) is a line through the origin in any dimension.

Figure 2.9: Truncated non-convex cone in R%. Boundary is also a cone.

37, §2.4]

2.6 Cones

Definition. Ray. The one-dimensional set
{{'+B|(>0,T"#0} CR"” (108)

defines a half-line called a ray in direction I' € R"™ having base B€R". When
B=0, aray is the conic hull of direction I'; hence a convex cone.
JAN

The conventional boundary of a single ray, base 0, in any dimension is
the origin because that is the union of all exposed faces not containing the
entire set.
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Figure 2.10: Truncated non-convex cone X ={x € R? | 1> x5, x125>0}.
Boundary is also a cone. [37, §2.4] Cartesian axes drawn for reference.

2.6.1 Cone

A set X is called, simply, cone if and only if
FreX = (I'eX forall (>0 (109)

An example of such a cone is the union of two opposing quadrants; e.g.,
X ={zeR?| z;2,>0} which is not convex. [32, §2.5] Similar examples are
shown in Figure 2.8 and Figure 2.10.

Not all cones are necessarily convex, but they can all be defined by an
aggregate of rays emanating exclusively from the origin.

Hence all cones contain the origin and are unbounded, excepting the
simplest cone {0}. The empty set () is not a cone, but [31, §2.1]

cone) £ {0} (110)

2.6.2 Convex cone

We call the set K CRM a convez cone iff

Fl,FQEK = CF1+€F2€K for all C,fz() (111)
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Figure 2.11: Not a cone, ironically, the three-dimensional flared horn (with
or without its interior) resembling the mathematical symbol > denoting
cone membership and partial order.

Obvious from this definition, (I'y € K and &Iy € K for all (,£€ > 0. The
set IC is convex since, for any particular (,£ > 0,

HCTy + (- w)ETs € K Yue (0,1 (112)

because ¢, (1 —pu)& > 0.
Obviously,
{X} O {K} (113)

the set of all convex cones is a proper subset of all cones. The set of convex
cones is a narrower but more familiar class of cone, any member of which
can be equivalently described as the intersection of a possibly (but not nec-
essarily) infinite number of hyperplanes (through the origin) and halfspaces
whose bounding hyperplanes pass through the origin; a halfspace-description
(§2.3). The interior of a convex cone is possibly empty.

Familiar examples of convex cones include an unbounded ice-cream cone
(a.k.a. second-order, quadratic, or Lorentz cone [1, exmp.2.3&2.25]) united
with its interior,

@:Hﬂewxmnmnﬁt} (114)

and any polyhedral cone (§2.7.1); e.g., any orthant generated by the
Cartesian axes (§2.1.0.7.1). Esoteric examples of convex cones include the
point at the origin, any line through the origin, any ray having the origin as
base such as the nonnegative real line R, in subspace R, any halfspace par-
tially bounded by a hyperplane through the origin, the positive semidefinite



o4 CHAPTER 2. CONVEX GEOMETRY

cone S (120), the cone of Euclidean distance matrices EDM" (335) (§5),
any subspace, and R".

More FEuclidean objects are cones, it seems, than are not.
(confer Figure 2.8 - Figure 2.11)

Theorem. Cone intersection. [30, §2,819] The intersection of an arbi-
trary collection of convex cones is a convex cone. The intersection of a finite
number of polyhedral cones (§2.7.1, Figure 2.16, p.71) is polyhedral.

o

The property pointedness is associated with a convex cone.

2.6.2.0.1 Definition. Pointed convex cone. (confer §2.7.2.1.1)
A convex cone K is pointed iff it contains no line. Equivalently, K is not
pointed iff there exists any nonzero direction I' € K such that —T' € K.
[1, §2.4.1] If the origin is an extreme point of K or, equivalently, if

KNn-K=1{0} (115)
then K is pointed, and vice versa. 31, §2.10] A

Thus the simplest convex cone K = {0} C R" is pointed by convention,
but has empty interior.

If closed convex K is not pointed, then it has no extreme point. Yet
a pointed closed convex cone has only one extreme point; it resides at the
origin. [33, §3.3]

From the cone intersection theorem it follows that an intersection of con-
vex cones is pointed if at least one of the cones is.

2.6.2.0.2 Definition. Proper cone: [1, §2.4.1] A cone that is
e convex
e closed
e pointed
e and has nonempty interior. JAN

Examples of proper cones are the positive semidefinite cone Sf in the
ambient space of symmetric matrices (§2.6.6), the nonnegative real line R
in vector space R, and any orthant in R".
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2.6.3 Cone boundary

Every hyperplane supporting a convex cone contains the origin. [29, §A.4.2]
Because any supporting hyperplane to a convex cone must therefore be itself
a cone, then from the cone intersection theorem it follows:

2.6.3.0.1 Lemma. Cone faces. [23, SIL.§]
Each nonempty exposed face of a convex cone is a convex cone. o

2.6.3.0.2 Theorem. Proper-cone boundary. Suppose a nonzero point
I' lies on the boundary 0K of proper cone K in R". Then it follows that the
ray {CT' | ¢ > 0} also belongs to 9K . o

Proof. By virtue of its propriety, a proper cone guarantees the existence
of a strictly supporting hyperplane at the origin. [30, Cor.11.7.3]*!” Hence
the origin belongs to the boundary of K because it is the zero-dimensional
exposed face. The origin belongs to the ray through I', and the ray belongs
to KC by definition (109). By the cone faces lemma, each and every nonempty
exposed face must include the origin. Hence the closed line segment OI' must
lie in an exposed face of K because both endpoints do by Definition 2.5.1.3.1.
That means there exists a supporting hyperplane OH to XC containing OI .
So the ray through I' belongs both to K and to OH. OH must therefore
expose a face of IC that contains the ray; id est,

{CT|¢>0} € KNIH C IK (116)

¢

Proper cone {0} in R° has mno boundary (106) because
relint{0} ={0}. (4)

The boundary of any proper cone in R is the origin.

The boundary of any proper cone whose dimension exceeds 1 can be
constructed entirely from an aggregate of rays emanating exclusively from
the origin.

217Rockafellar’s corollary yields a supporting hyperplane at the origin to any convex cone
in R™ not equal to R".
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2.6.4 Extreme direction

The property extreme direction arises naturally in connection with the
pointed closed convex cone K C R", being analogous to extreme point.
30, §18, p.162]*!® An extreme direction T'. of pointed K corresponds to an
edge that is a ray emanating from the origin.>!® Nonzero direction I'. in
pointed K is extreme if and only if,

G+ Gy #T1. V(G,0>0, VI, Tye C\{(T.eKX|(>0} (117)

In words, an extreme direction in a pointed closed convex cone is the direction
of a ray that cannot be expressed as a conic combination of directions of rays
in the cone distinct from the extreme ray.

By (64), extreme direction I'. is not a point relatively interior to any
line segment in K\{(I. € £ | ( > 0}. An extreme direction is unique,
but its vector representation I'. is not because any positive scaling of it
produces another vector in the same (extreme) direction. Thus, by analogy,
the corresponding extreme ray {(T. | ( >0} is not a ray relatively interior
to any plane segment®?° in K.

The extreme directions of the positive semidefinite cone (§2.6.6),
for example, comprise the set of all symmetric rank-one matrices
{227 SM | ||z||=1}. [55, §6] [58, §III]

If closed convex K is not pointed, then it has no extreme directions and
no vertex. [55, §1] Conversely, pointed closed convex K is the convex hull of
its extreme directions and vertex. [30, §18, p.167] That is the practical utility
of extreme direction; to facilitate construction of polyhedral sets, apparent
from the extremes theorem:

2.6.4.0.1 Theorem (Klee). Fztremes. [31, §3.6] [30, §18, p.166]
(confer §2.2.2, §2.7.2)  Any closed convex set containing no lines can be
expressed as the convex hull of all its extreme points and directions.

o

218Indeed, Rockafellar suggests the mnemonic “extreme point at infinity”.

219 An edge of a convex cone is not necessarily a ray. A convex cone may contain an edge
that is a line; e.g., a wedge-shaped polyhedral cone (IC* in Figure 2.21, p.108).

2207 planar fragment; in this context, a planar cone.
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It follows that any element of a convex set containing no lines may
be expressed as a linear combination of its extreme elements; e.g.,

Example 2.6.6.3.2.

2.6.4.1 Generators

When the extremes theorem applies, the extreme points and directions are
termed generators of a convex set. An arbitrary collection of generators for
a convex set includes its extreme elements as a subset; the set of all extreme
elements of a convex set is a minimal set of generators for that set. More
generally, generators for a convex set comprise any collection of points and
directions whose convex hull constructs the set.

When the convex set under scrutiny is a pointed closed convex cone,
conic combination of the generators during its construction is implicit:

Example. Application of extremes theorem. Given an extreme point
at the origin and N extreme directions, denoting the i'" extreme direction
by I';€R", then the convex hull is (60)

P={0T; It Tyla¢|a"1=1, a=0, (>0}
= {[I1 Iy---TylaC a1 <1, a=0, (>0} (118)
= {[I4y Iy---Tn]b |b=0} CR"

a closed convex set that is simply a conic hull like (63). a

2.6.5 Exposed direction

Definition. Ezposed direction, exposed point of a pointed convexr cone.
(30, §18] (confer §2.5.1.0.1)

e When a convex cone has a vertex, an exposed point, it resides at the
origin; there can be only one.

e In the closure of a pointed convex cone, an exposed direction is the
direction of a one-dimensional exposed face that is a ray emanating
from the origin.

e {exposed directions} = {extreme directions} A
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0

Figure 2.12: Four rays on boundary of conic hull of closed convex set from
Figure 2.7 lifted to R®. Properties of extreme points carry over to extreme
directions. [30, §18] Ray through point A is exposed hence extreme. Extreme
direction B on cone boundary is not an exposed direction, although it belongs
to the exposed face cone{A,B}. Extreme ray through C is exposed. Point
D is neither an exposed or extreme direction although it belongs to a two-
dimensional exposed face of the conic hull.

It follows from Lemma 2.6.3.0.1 for any pointed closed convex cone, there
is one-to-one correspondence of one-dimensional exposed faces with exposed
directions; ud est, there is no one-dimensional exposed face that is not a ray
base 0.

The pointed closed convex cone EDM?, for example, is a ray in isomorphic
R whose relative boundary (§2.5.1.3.1) is the origin. The conventionally ex-
posed directions of EDM? constitute the empty set () C {extreme direction}.

2.6.5.1 Connection between boundary and extremes

2.6.5.1.1 Theorem. Fzposed. [30, §18.7] (confer §2.6.4.0.1)
Any closed convex set C containing no lines can be expressed as the closure
of the convex hull of all its exposed points and directions. o
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From Theorem 2.6.4.0.1,

rel 9C = C \ relint C (106)

= conv{exposed points and directions} \ relintC (119)

= conv{extreme points and directions} \ relintC

Thus each and every extreme point and direction of a convex set containing
no lines (a set that is not a half-line) resides on its relative boundary be-
cause extreme points and directions do not belong to the relative interior by
definition.

The relationship between extreme sets and the relative boundary actually
goes deeper: Any face F of convex set C (that is not C itself) belongs to
reldC, so dim F<dimC. [30, §18.1.3]

2.6.5.1.2 Converse caveat

Yet this result does not mean each and every extreme point and direction
is necessarily exposed, as might be erroneously inferred from the conven-
tional boundary definition (§2.5.1.3.1); although it does mean each and every
extreme point and direction belongs to some exposed face.

Arbitrary points residing on the relative boundary of a convex set are
not necessarily exposed or extreme points. Similarly, the direction of an
arbitrary ray, base 0, on the boundary of a convex cone is not necessarily an
exposed or extreme direction. For the convex cone illustrated in Figure 2.3,
for example, there are three two-dimensional exposed faces constituting the
entire boundary, each composed of an infinity of rays. Yet there are only
three exposed directions.

Neither is an extreme direction on the boundary of a pointed convex cone
necessarily an exposed direction. Lift the two-dimensional set in Figure 2.7,
for example, into three dimensions such that no two points in the set are
collinear with the origin. Then its conic hull can have an extreme direction B
on the boundary that is not an exposed direction, illustrated in Figure 2.12.
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2.6.6 Positive semidefinite (PSD) cone

Definition. Positive semidefinite (PSD) cone. The set of all symmetric
positive semidefinite matrices of particular dimension M is called the positive
semidefinite cone:

sif = {AesM| Axo0}
= {AesY|yTAy>0, |ly| =1} (120)
= N{AesY|(y", A) >0}
lyll=1

formed by the intersection of an infinite number of halfspaces (§2.3.1.1) in
variable A 22! each halfspace having partial boundary containing the origin
in isometrically isomorphic RY (M+1)/2 1t is a unique immutable proper cone
in the ambient space of symmetric matrices S™.

The positive definite (full-rank) matrices comprise the cone interior,???

intSY = {4eSY| A0} (121)

while all singular positive semidefinite matrices (having at least one 0 eigen-
value) reside on the cone boundary (e.g., Figure 2.13); (§A.7.4)

oSt ={Aesl| (22", A)=0 for any |z||=1} (122)
={Aes"| min{A(A);,i=1...M} =0}

where A(A) € RM holds the eigenvalues of A. The only symmetric pos-
itive semidefinite matrix having M 0-eigenvalues resides at the origin.
(8A.7.2.0.1) JAN

2:21Tn higher dimensions, this cone is non-polyhedral because it is the intersection of an
infinite number of halfspaces whose partial boundaries have independent normals yy”.
Because yTAy=yTATy, matrix A is almost always assumed symmetric. (§A.2.1)
222The remaining inequalities in (120) also become strict for membership to the cone
interior.
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Figure 2.13: Truncated boundary of PSD cone in S? plotted in isometric-
ally isomorphic R? (via svec, (35)); courtesy, Alexandre W. d’Aspremont.
Plotted is 0-contour of minimum eigenvalue (122). Entire boundary can be
constructed from an aggregate of rays (§2.6) emanating exclusively from the
origin, {¢[2} V2220 23]"|||z|=1, ¢(>0}. In this dimension, each and
every ray on boundary is an extreme direction, but that is not the case in
any higher dimension (confer Figure 2.3). (In any dimension, an extreme
direction is a symmetric dyad; yy”.) PSD cone geometry is not as simple
in higher dimensions [23, §I1.12], although for real matrices it is self-dual
(199) in ambient space of symmetric matrices. [58, §II] PSD cone has no
two-dimensional faces in any dimension, and its only extreme point resides
at the origin.
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2.6.6.1 Membership

Observe the notation A = 0; meaning,>? matrix A is symmetric and be-
longs to the positive semidefinite cone in the subspace of symmetric matrices,
whereas A > 0 denotes membership to that cone’s interior. (§2.8.2)

2.6.6.2 PSD cone is convex

The set of all positive semidefinite matrices forms a convex cone in the am-
bient space of symmetric matrices because any pair satisfies definition (111);
28, §7.1] widelicet, for all (i, ¢, >0 and each and every A;, Ay € S,

QA1+ QA =0 = A =0, Ay =0 (123)

a fact easily verified by the definitive test for positive semidefiniteness of a
symmetric matrix (§A):

A=0 < 2"Az >0 for each and every ||z|| =1; (124)
id est, for Ay, As = 0 and each and every (;,(; >0,
GaTAvz + GaTAsz > 0 for each and every normalized z € RY. (125)

The convex cone Sf is more easily visualized in the isomorphic vector
space RMMH1/2 whose dimension is the number of free variables in a sym-
metric MxM matrix. When M =2 the PSD cone is semi-infinite in expanse
in R, having boundary illustrated in Figure 2.13. When M =3 the PSD

cone is six-dimensional, and so on.

2.6.6.3 Faces of PSD cone and their dimension versus rank

Each and every face of the positive semidefinite cone, having dimension less
than that of the cone, is exposed. [59, §6] [24, §2.3.4] Because each and every
face of the positive semidefinite cone contains the origin (§2.6.3.0.1), each
face belongs to a subspace of the same dimension.

223For matrices, the notation A > B denotes comparison on S™ with respect to the
positive semidefinite cone; id est, A= B < A—Be Sf, a generalization of comparison
on the real line. The symbol > is reserved for scalar comparison on the real line R with
respect to the nonnegative real line Ry as in a’y > b, while a = b denotes comparison
of vectors on RM with respect to the nonnegative orthant Rf .
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Given positive semidefinite matrix A € Sﬂ‘f , define F (Sf BA) as the
smallest face of S}’ containing A. Then, [50, §31.5.3] [52, §2.4]

F(St2A) = {XesSl | N(X) D N(A)} (126)

which is isomorphic with the convex cone ankA. Thus the dimension of the
smallest face containing given matrix A is

dim F (S} 3 A) = rank(A)(rank(A) + 1)/2 (127)
in isomorphic RMM+/2 " and each and every face of Sﬂ\f is isomorphic with
a positive semidefinite cone of dimension < M (M + 1)/2. Observe not all
dimensions are represented, and the only zero-dimensional face is the origin.
The PSD cone has no facets, for example.

For the positive semidefinite cone in isometrically isomorphic R? depicted
in Figure 2.13, for example, rank 2 matrices belong to the interior of the face
having dimension 3 (the entire closed cone), while rank 1 matrices belong to
the relative interior of a face having dimension 1 (the boundary constitutes
all the one-dimensional faces, in this dimension, which are rays emanating

from the origin), and the only rank 0 matrix is the point at the origin (the
zero-dimensional face).

2.6.6.3.1 Extreme directions of the PSD cone
Because the positive semidefinite cone is pointed (§2.6.2.0.1), there is a one-
to-one correspondence of one-dimensional faces with extreme directions in
any dimension M ; id est, from the mentioned one-to-one correspondence of
extreme and exposed faces for S} and the cone faces lemma (§2.6.3.0.1) it
follows there is no one-dimensional face of the PSD cone that is not a ray
emanating from the origin. Symmetric dyads, therefore, constitute the set of
all extreme directions.

Each and every extreme direction yy? makes the same angle with the
identity matrix in isomorphic RM (M+1)/ 2 dependent only on dimension;
videlicet, [49, p.162]

{yy", 1) ( 1 ) M
J = arccos —————— =arccos| — | VyeR (128)
lyy™lle (116 VM
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5]

Figure 2.14: (a) Projection of the PSD cone Si , truncated above y=1, on
af-plane in isometrically isomorphic R®. View is from above with respect to
Figure 2.13. (b) Truncated above 7 =2. From these plots we may infer,
for example, the line {[0 1/v2 ~]7|y€R} intercepts the PSD cone at
some large value of v; in fact, y=00.
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2.6.6.3.2 Example. Positive semidefinite matrixz from extreme directions.
Diagonalizability (§A.5) of symmetric matrices yields the following results:

Any symmetric positive semidefinite matrix (845) can be written in the
form

7

A:Z)\iziz;‘r:ZaiaiTi 0, A0 (129)

a conic combination of extreme directions (z;z] or a;a!), where X is a vector
of eigenvalues.

If we limit consideration to all symmetric positive semidefinite matrices
bounded such that tr A=1, then any matrix from that set may be expressed
as a convex combination of extreme directions;

A=>"Nzzl,  1A=1, A=0 (130)
’ O
2.6.6.3.3 Example. Sets from the PSD cone. The set
C={XeS"xzeR" | X=a2z"} (131)
is convex because it has a Schur form; (§A.4)

X =z

X—z'=0 & f(X,m)é[xT 1

} =0 (132)

Set C is the inverse image (§2.1.0.10.2) of Sffl under the affine mapping f .
The set {X € S"x x€R" | X <xz”} is not convex, in contrast, having no
Schur form. Yet for fixed z =z, , the set

{(XeS"| X=2z,2] (133)

is simply the negative semidefinite cone shifted to xp:r;g. O

2.6.6.3.4 Example. [Inverse image of the PSD cone.
Now consider finding the set of all matrices X € SV satisfying

AX+ B+ 0 (134)
given A, B€SY. Define the set

XE{X|AX+B=0}CsN (135)
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which is the inverse image of the positive semidefinite cone under the affine

transformation ¢(X) 2 AX + B. Set X must therefore be convex by
Theorem 2.1.0.10.2.

Yet we would like a less amorphous characterization of this set, so instead
we consider its vectorization (18) which is easier to visualize:

vec g(X) = vec(AX)+vecB = (I ® A)vec X + vec B (136)
where ,
I®A2QAQT e SV (137)

is a block-diagonal matrix formed by Kronecker product (§A.1 no.16,
§D.1.2.1). Assign

A
yczvecXEIRN2

b2 vec B € RV (138)
then make the equivalent problem: Find
veeX = {zeRY | (T @A)z +be K} (139)
where
K £ vecSY (140)

is a proper cone isometrically isomorphic with the positive semidefinite cone
in the subspace of symmetric matrices; the vectorization of every element of
SY . Utilizing the diagonalization (137),

vecX = {z | AQTzx € QT(K —b)}

— x| 9QTx € NQT(K — b)} C RN (141)

where

o2 ATA (142)

is a diagonal projection matrix whose entries are either 1 or 0 (§E.3). We
have the complementary sum

QTz + (I — ®)Q™r = Q"w (143)
So, adding (I —®)QTx to both sides of the membership within (141) admits
vec X = {zeRY" | QTx € ANQT(K — b) + (I — ®)Q"x}

= {2 | Q" € d(NQT(K - b)) ® (I — ®)RV}

= {z € QNIQT(K — b) & Q(I — ®)R""}
= A)(K-b) & NI®A)

(144)
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where we used the facts: linear function Q”z in z is a bijection on RY 2, and
DA = AT

In words, set vec X is the vector sum of the translated PSD cone (mapped
linearly onto the rowspace of I®A (§E)) and the nullspace of T®A (synthesis
of facts from §A.6.3 and §A.7.2.0.1). Should I ® A have no nullspace, then
vec X =(I ® A)~'(K — b) which is the expected result. O

2.6.6.4 Barvinok’s proposition

The following theory quantifies the rank of a positive semidefinite matrix
whose rank is the least of all matrices belonging to the intersection of the
PSD cone with an affine subset; it is a least upper bound on rank:

2.6.6.4.1 Proposition. Affine intersection with PSD cone.
23, §11.13] [60, §2.2] Consider finding a matrix G € SV satisfying

given nonzero linearly independent A; € SV and real bj. Define the affine
subset
AL2{G | (A;,Gy=b;, j=1...m} CSV (146)

If the feasible set AﬂSf is nonempty, then there exists a matrix G € AﬂSf
such that given a number of equalities m,

rank G (rank G +1)/2 <m (147)

whence the least upper bound

V38 1-1
rank G < {%J (148)
or given desired rank instead, equivalently,
m < (rank G + 1) (rank G + 2) /2 (149)

An extreme point of ANSY satisfies (148) and (149). A matrix G=X7X
is an extreme point if and only if the dimension of the smallest face of AﬂSf
containing G is 0; [52, §2.4] id est, iff

dim F((ANSY)>G) = rank(G)(rank(G)+1)/2—rank[svec X A; X7 svec XA, X7 -+ svec XA, X" ]
(150)
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equals 0 in isomorphic RYO+/2,

Now the feasible set AﬂSf is assumed bounded: Assume a given nonzero
least upper bound p on rank, a number of equalities

m=(p+1)(p+2)/2 (151)

and matrix dimension N > p + 2 > 3. If the feasible set is nonempty and
bounded, then there exists a matrix G&€ AN Sf such that

rank G < p (152)

This represents a tightening of the least upper bound; a reduction by ex-
actly 1 of the bound provided by (148) given the same specified number of

equalities; d est,
vem+1—-1
2

rank G < 1 (153)

o

When the feasible set AﬂSﬁ is known a prior: to consist of only a single
point, then Barvinok’s proposition provides the greatest upper bound on its
rank. The feasible set can be a single nonzero point only if the number of
linearly independent hyperplanes m constituting A satisfies®?4

N(N+1)/2—1<m < N(N+1)/2 (154)

2.6.7 Conic independence (c.i.)

In contrast to extreme direction, the property conically independent direction
is more generally applicable, inclusive of all closed convex cones (not only
pointed closed convex cones). Similar to the definition for linear indepen-
dence, arbitrary given directions {I'; € R", i=1... N} are conically indepen-
dent if and only if, for all (;>0,

LiG4- -+ 156G -TeC =0, i#F-#FjFEL=1...N (155)

has only the trivial solution; in words, iff no direction from the given set
can be expressed as a conic combination of those remaining. (Figure 2.15,

224N(N +1)/2 — 1 independent hyperplanes in RYV+D/2 can make a line tangent to
svec BS{X at a point because all one-dimensional faces of Sf are exposed. Because a pointed

convex cone has only one vertex, the origin, there can be no intersection of svec 8Sf with
any higher-dimensional affine subset A that will make a nonzero point.
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%

a b c

Figure 2.15: Vectors in R?: (a) conically independent, (b) conically depen-
dent. Neither example exhibits linear independence.

for example. A MarraB implementation of test (155) is given in §F.2.) It
is evident that linear independence (1.i.) of N directions implies their conic
independence;

e li. = c.i.

Arranging any set of generators for a particular convex cone in a matrix
columnar,

X2 [Ty Iy Iy]e RN (156)

then the relationship li.=c.i. implies the number of Li. generators in the
columns of X cannot exceed the number of c.i. generators. Denoting by
k the number of conically independent generators contained in X, we have
the most fundamental rank inequality for convex cones

dimaff € = dimaff[0 X] = rank X <k <N (157)

Whereas N directions in n dimensions can no longer be linearly independent
once N exceeds n, conic independence remains possible:

2.6.7.1 Table: Maximum number conically independent directions

n | sup k (pointed) | sup k (not pointed)
0 0 0
1 1 2
2 2 4
3 00 00
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Assuming veracity of this table, there is an apparent vastness between
two and three dimensions. Conic independence is certainly one convex idea
that cannot be completely explained by a two-dimensional picture. [23, p.vii]
From this table it is also evident that dimension of Euclidean space cannot
exceed the number of conically independent directions possible;

e n<supk

We suspect the number of conically independent columns (rows) of X to
be the same for X7,

e The columns (rows) of X are c.i. < the columns (rows) of X7 are c.i.

Proof. Pending.

2.6.7.2 Pointed closed convex K and conic independence

The following bullets can be derived from definitions (117) and (155) in
conjunction with the eztremes theorem (§2.6.4.0.1):

The set of all extreme directions from a pointed closed convex cone
JIC C R" is not necessarily a linearly independent set, yet it must be a conically
independent set; (compare Figure 2.3, p.35, with Figure 2.16(a))

e extreme directions = c.1.

Yet any collection of n or fewer extreme directions from pointed closed
convex cone K must be linearly independent;

e < n extreme directions = l.i.

Conversely, when a conically independent set of directions from pointed
closed convex cone K is known a priori to comprise generators, then all
directions from that set must be extreme directions of the cone;

e c.i. generators of pointed closed convex K = extreme directions

Barker & Carlson [55, §1] call the extreme directions a minimal generating
set. A minimal set of generators is therefore a conically independent set of
generators, and vice versa for a pointed closed convex cone.??>

225The converse does not hold for a non-pointed closed convex cone as Table 2.6.7.1
implies.



2.6. CONES 71

Figure 2.16: (a) A pointed polyhedral cone (drawn truncated) in R® having
six facets. The extreme directions, corresponding to six edges emanating
from the origin, are generators for this cone; not linearly independent but
they must be conically independent. (b) The boundary of dual cone K~
(drawn truncated) is now added to the drawing of same I . K" is polyhedral,
proper, and has the same number of extreme directions as K has facets.
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2.6.8 When extreme means exposed

For any convex polyhedral set in R" having nonempty interior, the distinction
between the terms extreme and ezposed vanishes [31, §2.4] [50, §2.2] for faces
of all dimensions except n ; their meanings become equivalent as we saw in
Figure 2.2 (discussed in §2.5.1.2). In other words, each and every face of any
polyhedral set (except the set itself) can be exposed by a hyperplane, and
vice versa; e.g., Figure 2.3.

Lewis [59, §6] [24, §2.3.4] claims nonempty extreme proper subsets and the
exposed subsets coincide for S ; id est, each and every face of the positive
semidefinite cone, whose dimension is less than the dimension of the cone,
is exposed. A more general discussion of cones having this property can be
found in [61]; e.g., the Lorentz cone (114) [62, §IL.A].

2.7 Convex polyhedra

Every polyhedron, such as the convex hull (60) of a bounded list X, can
be expressed as the solution set of a finite system of linear equalities and
inequalities, and vice versa. [50, §2.2]

2.7.0.0.1 Definition. Convez polyhedra, halfspace-description. [1, §2.2.4]
A convex polyhedron is the intersection of a finite number of halfspaces and
hyperplanes;

P={y|Ay=b, Cy=d} CR" (158)

where the coefficients A and C' generally denote matrices. Each row of
C is a vector normal to a hyperplane, while each row of A is a vector
inward-normal to a hyperplane partially bounding a halfspace. JAN

By the halfspaces theorem in §2.3.1.1.1, a polyhedron thus described is
a closed convex set having possibly empty interior; e.g., Figure 2.2. Con-
vex polyhedra®?% are finite-dimensional comprising all affine sets (§2.2.1),
polyhedral cones, line segments, rays, halfspaces, convex polygons, solids
[57, def.104/6, p.343], polychora, polytopes,®?" etcetera.

226We consider only convex polyhedra throughout, but acknowledge the existence of
concave polyhedra. [48, Kepler-Poinsot Solid]
227Some authors distinguish bounded polyhedra via the designation polytope. [50, §2.2]
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It follows from definition (158) by exposure that each face of a convex
polyhedron is a convex polyhedron.

The projection of any polyhedron on a subspace remains a polyhedron.
More generally, the image of a polyhedron under any linear transformation
is a polyhedron. [23, §1.9]

When b and d in (158) are 0, the resultant is a polyhedral cone. The set
of all polyhedral cones is a subset of convex cones:

2.7.1 Polyhedral cone

From §2.6, the number of hyperplanes and halfspaces constituting a
convex cone is possibly but not necessarily infinite. When the number is
finite, the convex cone is termed polyhedral. That is the primary distin-
guishing feature between the set of all convex cones and polyhedra; all
polyhedra, including polyhedral cones, are finitely generated [30, §19]. We
distinguish polyhedral cones in the set of all convex cones for this very reason.

Definition. Polyhedral cone, halfspace-description.>*®  (confer(165))
A polyhedral cone is the intersection of a finite number of halfspaces and
hyperplanes about the origin;

K = {y|Ay=0,Cy=0} € R" (a)
= {y| Ay =0, Cy>=0, Cy =0} (b)
4 (159)
= qyl| C |y=0 (c)
-C

where coefficients A and C' generally denote matrices of finite dimension.
Each row of C is a vector normal to a hyperplane containing the origin,
while each row of A is a vector inward-normal to a hyperplane containing
the origin and partially bounding a halfspace. A

A polyhedral cone thus defined is closed, convex, possibly has empty
interior, and only a finite number of generators (§2.6.4.1), and vice versa.
(Minkowski/Weyl) [31, §2.8]

228Rockafellar [30, §19] proposes affine sets be handled via complementary pairs of affine
inequalities; e.g., Cy>d and Cy=d.
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From the definition it follows that any single hyperplane through the
origin, or any halfspace partially bounded by a hyperplane through the origin
is a polyhedral cone. The most familiar example of polyhedral cone is any
quadrant (or orthant, §2.1.0.7.1) generated by the Cartesian axes. Esoteric
examples of polyhedral cone include the point at the origin, any line through
the origin, any ray having the origin as base such as the nonnegative real
line R, in subspace R, polyhedral variations of the proper Lorentz cone
(confer(114)), (for £=1 or o)

K@é{[f]ewxmumgt} (160)

any subspace, and R". More examples are illustrated in Figure 2.16 and
Figure 2.3.

2.7.2 Vertices of convex polyhedra

By definition, a vertex (§2.5.1.0.1) always lies on the relative boundary of a
convex polyhedron. [57, def.115/6,p.358] In Figure 2.2, each vertex of the
polyhedron is located at the intersection of three or more facets, and every
edge belongs to precisely two facets [23, §VI.1, p.252]. In Figure 2.3, the only
vertex of that polyhedral cone lies at the origin.

The set of all polyhedral cones is clearly a subset of convex polyhedra
and a subset of convex cones. Not all convex polyhedra are bounded,
evidently, neither can they all be described by the convex hull of a
bounded set of points as we defined it in (60). Hence we propose a universal
vertex-description of polyhedra in terms of that same finite-length list X (54):

Definition. Convez polyhedra, vertez-description.  (confer §2.6.4.0.1)
Denote the truncated a-vector,
a;
G = | (161)

Qy

By discriminating a suitable finite-length generating list (or set) arranged
columnar in X € R™¥ | then any particular polyhedron may be described,

P={Xa|alul=1, amy=0, {1...k}U{m...N}={1...N}} (162)
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where 0 < k< N and 1 <m < N+ 1. Setting k=0 eliminates the affine
equality constraint. Setting m = N + 1 eliminates the inequality. A

The coefficient indices in (162) may or may not be overlapping, but all
the coefficients are assumed constrained. From (56), (60), and (63), we
summarize how the constraints may be applied;

affine sets — al,1=1

polyhedral cones — a,,.y = 0 } «— convex hull (m < k) (163)

It is always possible to describe a convex hull in the region of overlapping
indices because, for 1 < m < k< N,

{am:k | ayjq;;kl = 17 ke 2= 0} C {am:k | a{kl = ]-7 AN = O} (164)

Members of a generating list are not necessarily vertices of the correspond-
ing polyhedron; certainly true for (60) and (162), some subset of list members
reside in the polyhedron’s relative interior. Conversely, when boundedness
(60) applies, the convex hull of the vertices is a polyhedron identical to the
convex hull of the generating list.

2.7.2.1 Vertex-description of polyhedral cone

Given closed convex cone K in a subspace of R" having any set of generators
for it arranged in a matrix X € R"™*" as in (156), then that cone is described
setting m=1 and k=0 in vertex-description (162):

K = cone(X) = {Xa|ax=0} CR" (165)

a conic hull, like (63), of N generators.

2.7.2.1.1 Pointedness. [31, §2.10] Assuming all generators constituting
the columns of X € R™" are nonzero, K is pointed (§2.6.2.0.1) if and only
if there is no nonzero a =0 that solves Xa=0; id est, iff N'(X)NRY=0.
(If rank X =n, then the dual cone K" is pointed. (176))

A polyhedral proper cone in R" must have at least n generators that are
linearly independent, or be the intersection of at least n halfspaces whose
partial boundaries have normals that are linearly independent. Otherwise,
the cone will contain at least one line and there can be no vertex; id est, the
cone cannot otherwise be pointed.
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For any pointed polyhedral cone, there is a one-to-one correspondence of
one-dimensional faces with extreme directions.

Examples of pointed closed convex cones K are not limited to polyhedral
cones: the origin, any 0-based ray in a subspace, any two-dimensional V-
shaped cone in a subspace, the Lorentz (ice-cream) cone (including the inte-
rior) and its polyhedral variations, the cone of Euclidean distance matrices
EDM” in Sév , the proper cones: Sf in ambient S™, any orthant in R" or
R™*™, e.g., the nonnegative real line R, in vector space R.

2.7.3 Unit simplex

A peculiar convex subset of the nonnegative orthant having halfspace-
description
S2 {s|s=0, 1Ts <1} CR" (166)

is a unique bounded convex polyhedron called unit simplex (Figure 2.17)
having nonempty interior, n + 1 vertices, and dimension [1, §2.2.4]

dimS = n (167)

The origin supplies one vertex while heads of the standard basis [28]
26] {e;,i=1...n} in R" constitute those remaining;*?° thus its vertex-
description:

S = conv{0, {e;, i=1...n}}
= {[0 e e -+~ e,]ala"l =1, a>= 0}

(168)

The unit simplex comes from a class of general polyhedra called simplex,
having vertex-description: [63] [30] [32] [50]

conv{z, eR"} | {=1... k+1, dimaff{z,}=k, n>k (169)

So defined, a simplex is a closed bounded convex set having possibly empty
interior.

229T) RO the unit simplex is the point at the origin, in R the unit simplex is the line
segment [0,1], in R? it is a triangle and its relative interior, in R® it is the convex hull of
a tetrahedron (Figure 2.17), in R* it is the convex hull of a pentatope [48], and so on.
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2.7.3.0.1 Definition. Simplicial cone. A polyhedral proper (§2.6.2.0.2)
cone K in R" is called simplicial iff K has exactly n extreme directions;
(62, §I1.A] equivalently, iff proper K has exactly n linearly independent
generators contained in any given set of generators. A

There are an infinite variety of simplicial cones in R"; e.g., Figure 2.3,
Figure 2.18, Figure 2.24. Any orthant is simplicial.

2.7.4 Converting between descriptions

Conversion between halfspace-descriptions (158) (159) and equivalent vertex-
descriptions (60) (162) is nontrivial, in general, [64] [50, §2.2] but the con-
version is easy for simplices. [1, §2.2] Nonetheless, we tacitly assume the two
descriptions to be equivalent. [30, §19,thm.19.1] We explore conversions in
§2.8.2.1 and §2.9:

2.8 Dual cone, generalized inequality,

biorthogonal expansion

These three concepts, dual cone, generalized inequality, and biorthogonal
expansion, are inextricably melded; meaning, it is difficult to completely
discuss one without mentioning the others. Knowledge of the dual cone is
crucial to efficient methods for projection on convex cones (§E.8.1.0.1) such
as might occur in schemes for rank minimization (§7). The dual cone is
critical in tests for convergence in contemporary primal/dual methods for
numerical solution of conic problems. [4] [6, §4.5]

One way to think of a pointed closed convex cone is as a new kind of co-
ordinate system whose basis is generally nonorthogonal; a conic system very
much like the Cartesian system whose analogous cone is the nonnegative
orthant. The generalized inequality =y is a formalized means to determine
membership to any pointed closed convex cone, while the biorthogonal expan-
sion is simply a formulation for determining coordinates in any pointed conic
system. When the underlying cone is the nonnegative orthant, then these
three concepts come into alignment with the familiar Cartesian prototype.
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2.8.1 Dual cone

For any cone K (convex or not), the dual cone [1, §2.6.1]
K'={yeR" | (y,z) >0 for all z€K} (170)

is a unique cone®?" that is always closed and convex because it is an intersec-
tion of halfspaces (halfspaces theorem, §2.3.1.1.1) whose partial boundaries
each contain the origin, each having inward-normal x belonging to K; e.g.,
Figure 2.19(a).

When cone K is convex, the dual cone K" is the union of each and every
vector y inward-normal to a hyperplane supporting or containing IC; e.g.,
Figure 2.19(b). When K is represented by a halfspace description such as
(159), for example, where

T T
ai 51

A2 | ¢ |er™,  CcE2| ¢ |eRrR (171)
Uy, Ck

then the dual cone can be represented as the conic hull

*

K =cone{ay,..., an, £c1,..., T} (172)

a vertex-description, because each and every conic combination of normals
from the halfspace description of K yields another inward-normal to a hyper-
plane supporting or containing k.

As defined, dual cone K" exists even when the affine hull of the original
cone is a proper subspace; id est, even when the original cone has empty
interior. Rockafellar formulates the dimension of K and K. [30, §14]%3!

To further motivate our understanding of the dual cone, consider the
ease with which convergence can be observed in the following optimization
problem (p):

Example. Dual problem.  Essentially, duality theory concerns the
representation of a given optimization problem as half a minimax problem

o

230The dual cone is the negative of the polar cone defined by some authors; K'=-K.
[29] [30] [65] [23] [31]

31His monumental work Convexr Analysis has not one figure or illustration. See
[23, 8I1.16] for a good illustration of Rockafellar’s recession cone [33].
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(inf, sup, f(z,y)) [30, §36] [1, §5.4] whose saddle-value [66] exists. [34, p.3]
Consider primal conic problem (p) and its corresponding dual problem (d):
67, §3.3.1] [52, §2.1] for matrix constant C',

minimize o'z maximize [z
T Y, 2
(p) subject to z e K subject to y € K~ (d) (173)
CI‘ = ﬁ CTZ =+ Y=o«

2

Observe the dual problem is also conic, and its objective®3? never exceeds

that of the primal;
o’z > Bz
21(CTz +y) > (Cx)T2 (174)
xTy >0

which is true by definition (170). Under the sufficient condition that (p)
is convex and satisfies Slater’s condition,33 then each problem (p) and (d)
achieves the same optimal value of its objective and so (p) and (d) are to-
gether equivalent to the minimax problem

minimize oz — 372
x7y7z

subject to e K, yek’ (175)
Cx=p, Cz24+y=a

Each problem (p) and (d) is called a strong dual to the other because the
duality gap is 0; the optimal value of the objective in the minimax problem
(175) is always the saddle-value 0 (regardless of the particular convex cone
IC and other problem parameters). [69, §3.2] O

2.8.1.1 Key properties of dual cone

*

e For any cone, (—K) = —K
e For any cones KC; and Ky, K; C K, = K, DK, [31,§2.7]

2:32The objective is the function that is argument to minimization or maximization.
233In this context, (p) is convex if K is a convex cone. Slater’s condition is satisfied
whenever any primal strictly feasible point exists; id est, for any point feasible with the
affine equality (or affine inequality) constraint functions and relatively interior to . If K
is polyhedral, then Slater’s condition is satisfied when any feasible point exists. [1, §5.2]
[4, §1.3.8] [65, p.325] [68, p.485]
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e (Symmetry) When K is any convex cone, _the dual of the dual cone
is the closure of the original cone; K~ = K. When K is closed and
convex, then the dual of the dual cone is the original cone; K™ = K .

[30, §14]
If any cone K has nonempty interior, then K is pointed;

K nonempty interior = K’ pointed

(176)

Conversely, if the closure of any convex cone K is pointed, then K has

nonempty interior;

K pointed = K nonempty interior

130, §16.4.2] [70, §4.6] For convex cones K; and /Cy
(dual vector-sum)

(K1 + ) = K N K,
For closed convex cones Iy and Cy
(KN Ky) = K+ K,
(closure of vector sum of duals).?34
K is proper if and only if X" is proper.
K is polyhedral if and only if K" is polyhedral. [31, §2.8]
K is simplicial if and only if K" is simplicial. (§2.9.2.1)
KB -K'=R" = K is closed convex [31, thm.2.7.7] (p.447)

KB —-K'=R" «< K is polyhedral [31, §2.8.7]

2:34These parallel the analogous results for subspaces R, Ro CR™, [70, §4.6]

(Ri+R2)t = RiNRy
(R1INR2)*: = Ri+ Ra

R1IL =R for any subspace R .

(177)

(178)

(179)
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2.8.1.1.1 Examples of dual cone

When cone K is a halfspace in R" with n>0 (Figure 2.20 for example),
the dual cone K" is a ray (base 0) belonging to that halfspace but orthogonal
to its bounding hyperplane (that contains the origin), and vice versa.

When K is a subspace, K is its orthogonal complement, and vice versa.
(§E.8.1.1)

When K is R", K" is the point at the origin, and vice versa.

When convex cone K is a closed halfplane in R® (Figure 2.22), it is neither
pointed or of nonempty interior; hence, the dual cone " can be neither of
nonempty interior or pointed.

When K is any particular orthant in R", the dual cone is identical; id est,
K=K

When K is any quadrant in subspace R?, K'is a wedge-shaped polyhedral
cone in R?; e.g., for K equal to quadrant I, K" is the union of two orthants:
R+ R} .

When K is a polyhedral variation of the Lorentz cone K, (160), the dual
is the polyhedral proper cone K, : for /=1 or oo,

/cq:;c;f:Hﬂewxmuxqut} (180)

where ||z||, is the dual norm and 1/¢+1/q = 1.

2.8.2 Abstractions of Farkas’ lemma

2.8.2.0.1 Corollary. Generalized inequality and membership relation.
29, §A.4.2] Let K be any closed convex cone and K its dual, and let z and
y belong to a vector space R". Then

rek & (y,z)>0 forall ye K (181)

which is a simple translation of the Farkas lemma as in [30, §22] to the
language of convex cones, and a generalization of the well-known Cartesian
fact

=0 < (y,z) >0 forall y >0 (182)

for which implicitly K = K" = R? the nonnegative orthant. By closure we
have symmetry:

yekK o (y,z)>0 forall €Kk (183)
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merely, a statement of fact by definition of the dual cone (170).
When K and K" are pointed closed convex cones, membership relation
(181) is often written as the generalized inequality

x>0 <« (y,z) >0 forall y = 0 (184)

K K

meaning that the coordinates for biorthogonal expansion of x [43] can be
nonnegative when = belongs to I, and must be nonnegative when z belongs
to simplicial K .23 By symmetry

y>=0<« (y,z) >0 foral = >0 (185)

K K
<

When pointed closed convex K is clear from context, shorthand is preva-

lent:
x>0 & 2k
. (186)
r=0 < xerelintC
Strict versions are also useful; e.g., for any closed convex cone K having

nonempty interior,

reintk & (y,z)>0 forall ye K', y#0 (187)
reK, 240 < (y,z) >0 forall y e intkK

By symmetry, we also have their duals.

2.8.2.0.2 Null certificate

If x,¢ KC, the construction in Figure 2.19(b) suggests there exists a hyper-
plane having inward-normal belonging to dual cone K" separating x, from
IC; indeed, for closed convex cone K,

1, ¢ K o 3yek 5 (y,z,) <0 (188)

The existence of any one such y is a certificate of null membership.

235 A simplicial cone K and its (simplicial) dual K'C R™ are polyhedral proper cones
(e.g., Figure 2.24, p.111), but not the converse; id est, polyhedral proper cones are not
necessarily simplicial.
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2.8.2.1 Discretization

2.8.2.1.1 Dual halfspace-description. The halfspace-description of
the corresponding dual cone is equally simple as vertex-description (165) for
a closed convex cone: By definition (170),

K" = yeR" [ 2Ty >0 forall ze K}
gyGR”\zTyZOforallz:Xa, aiO}

= {yeR" | X"y >0, a >0}

= {yeR" | X7y =0}

(189)

(confer(159)) that follows from the generalized inequality and membership
corollary (182). The semi-infinity of tests specified by all z € K has been
reduced to a discrete set of generators constituting the columns of X'; id est,
the test has been discretized.

Whenever K is known to be closed and convex, then the converse must
also hold; id est, given any set of generators for K" arranged columnar in Y,
then the consequent vertex-description of the dual cone connotes a halfspace-
description for KC: [31, §2.8]

K'={Yala»0} & K =K={y|Yy >0} (190)

2.8.2.1.2 First dual-cone formula.  From these two results we deduce
a general principle: From any given vertex-description of a convex cone I,
a halfspace-description of the dual cone K" is immediate by matrix transpo-
sition. Various converses are just a little bit trickier. (§2.9)

We deduce further: For any polyhedral cone K, the dual cone K" is also
polyhedral and K= K. [31, §2.8]

The generalized inequality and membership corollary is discretized in the
following theorem [55, §1]*3¢ that follows directly from (189) and (190):

2.8.2.1.3 Theorem. Discrete membership.

Given any discrete set of generators (§2.6.4.1) denoted by G(K) for closed
convex cone K, and denoted by Q(IC*) for its dual, let = and y belong
to vector space R". Then discretization of the generalized inequality and
membership corollary is necessary and sufficient for certifying membership:

e & (v, z) >0 forall v e G(K") (191)

2:36Barker & Carlson state the theorem only for the pointed closed convex case.
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yeK < (y,y) >0 foral ve GK) (192)

2.8.2.1.4 Dual of pointed polyhedral cone
In a subspace of R", now we consider a pointed polyhedral cone K given in
terms of its extreme directions I'; arranged columnar in X ;

X=[[; Ty - T'y] RN (156)

The extremes theorem (§2.6.4.0.1) provides the vertex-description of a
pointed polyhedral cone in terms of its finite number of extreme directions
and its lone vertex at the origin:
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Definition. Pointed polyhedral cone, vertex-description encore.
(confer(165) (118)) Given pointed polyhedral cone K in a subspace of R",
denoting its i*" extreme direction by I'; € R" arranged in a matrix X as in

(156), then that cone may be described, (60) (166)

K ={0 X]a¢|d"1=1,a=0, (>0
= {Xa(|d"1<1,a20, (>0
= {Xb |b=0} CR"

(193)

that is simply a conic hull (like (63)) of a finite number N of directions.
A

Whenever K is pointed, closed, and convex, the dual cone K™ has a
halfspace-description in terms of the extreme directions I'; in K

*

K ={y|~+y>0 forall ye{l;,i=1...N} CreloK} (194)
={y| X'y=0} CR" (195)

because when {I';} constitutes any set of generators for K, the discretiza-
tion result (189) allows relaxation of the requirement Vz € IC in (170) to
Vye{l;} in (194) directly.>*” That dual cone so defined is unique, identical
to (170), and has nonempty interior because K is assumed pointed; but K"
is not necessarily pointed unless K has nonempty interior (§2.8.1.1), and K
is polyhedral whenever the number of generators IV is finite.

2.8.2.2 Facet normal

We see from (195) that the conically independent generators of cone K
(namely, the extreme directions of pointed closed convex I constituting the
columns of X) each define an inward-normal to a hyperplane supporting K"
and exposing a dual facet when N is finite. Were K pointed and finitely
generated, then by symmetry the dual statement would also hold; id est, the
extreme directions of pointed K* each define a hyperplane that supports K
and exposes a facet.

We may conclude the extreme directions of polyhedral proper K are re-
spectively orthogonal to the facets of K'; likewise, the extreme directions of
polyhedral proper K" are respectively orthogonal to the facets of K.

23TWe learned from (189) that any discrete set of generators for K including its extreme
directions can be used to make a halfspace-description of *. The extreme directions
constitute a minimal set of generators. Apply this result to Figure 2.23, for example.



86 CHAPTER 2. CONVEX GEOMETRY

2.8.2.3 Pointed closed convex cone and partial order

A pointed closed convex cone K induces a partial order [48] on R™ or R™*"
(55, §1], respectively defined by vector or matrix inequality;

r=3z & z—zek (196)
r<z & z—x€crelint (197)

Strict inequality x > 0 means that coordinates for biorthogonal expansion
of x can be positive when = belongs to K, and must be positive whenever
x belongs to simplicial K.

From the discrete membership theorem it directly follows, for example,

1=z & 1<z Vi (198)

when comparison is with respect to the nonnegative orthant £=R" .

Comparable points (illustrated in Figure 2.23) and the minimum
element?38 of some vector- or matrix-valued set are thus well defined. More
properties of partial ordering: such as reflexivity (z < z), antisymmetry
(x Xz, z 22z = x=2z), transitivity (z <y, y <z = = < z), additivity
(x <z, u=v = x+u = z+v), strict properties, and preservation under
nonnegative scaling or limiting operations are cataloged in [1, §2.4.1] with
respect to proper cones.?3

2.8.2.4 Dual PSD cone and generalized inequality

The dual positive semidefinite cone K" is confined to SM by convention;
SY* L {yesM | (X,Y)>0 forall Xe SM} = sM (199)

The positive semidefinite cone is self-dual in the ambient space of symmetric
matrices [71] [58, §I1] [1, §2.6.1], K=K .

Generalized inequality with respect to the positive semidefinite cone in
the ambient space of symmetric matrices can therefore be simply stated:
(Fejér)

X=0 & tr(Y'X)>0 forall Y =0 (200)

238We say x € C is the (unique) minimum element of C with respect to K if and only if
for each and every z € C we have x < z; equivalently, iff C C 2+ K. [1, §2.6.3]
239We distinguish pointed closed convex cones here because the generalized inequality
and membership corollary remains intact. [29, §A.4.2.7)
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The trace is introduced because membership to this cone can be determined
in the isometrically isomorphic Euclidean space RM” via (19). (§2.1.1.1) By
the two interpretations in §2.8.1, matrix Y can be interpreted as inward-
normal to a hyperplane supporting the positive semidefinite cone.

The fundamental statement of positive semidefiniteness, y'Xy > 0 Vy
(8A.3.0.0.1), is a particular instance of this generalized inequality with re-
spect to the positive semidefinite cone (200):

X=0 & (yy', X)>0 Yyy'(=0) (201)

Discretization (§2.8.2.1.3) allows replacement of matrix Y with this minimal
set of generators comprised of all the extreme directions.

2.8.2.4.1 Example. Linear matriz inequality.

Consider a peculiar vertex-description for a convex cone defined over the
positive semidefinite cone (instead of the nonnegative orthant as in def.(63)):
for X e S" given A;€S§", j=1...m,

<A1 ) X>
K = : | X>=0% CR™
| (Am, X)
[ vec(Ay)T (202)
= : veceX | X0
| vec(A,)T

2 {AvecX | X=0}

where A € R™"  and vectorization vec is defined in (18). K is indeed a
convex cone because by (111) (§2.6.2)

Avec X, ,AvecX,, e K = A((vecX, +EvecX,,) €K forall (,£>0
(203)

since a nonnegatively weighted sum of positive semidefinite matrices must
be positive semidefinite. (881) Now consider the dual cone:

K ={y]{ >0 forall X>0} CR"
={y | (vec X, ATy) >0 for all X =0} (204)
{y | =0}
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that follows from (200) and leads to an equally peculiar halfspace-description
K'={y| ) yA; =0} (205)
j=1

The summation inequality with respect to the positive semidefinite cone is
known as a linear matriz inequality. [3] [5] [72] O

2.8.3 Biorthogonal expansion, by example

2.8.3.0.1 Example. Relationship to dual polyhedral cone.

The proper cone K illustrated in Figure 2.23 induces a partial order on R?.
All points greater than x with respect to IC, for example, are contained in
the translated cone x + K. The extreme directions I'y and I'y of I do not
make an orthogonal set; neither do extreme directions I's and I'y of dual
cone K*; rather, we have the biorthogonality condition, [43]

FZFI = F;‘—Z;FQ = O

206
FIT, #0, TIT, #0 (206)
The biorthogonal expansion of x € K is then
'ty '’z
=, =32 41, 47 207
ST, T, (207)

where T'7z/(T2T;) is the nonnegative coefficient of nonorthogonal projec-
tion (§E.6.1) of x on I'; in the direction orthogonal to I's , and where
I'Tz/(TTT,) is the nonnegative coefficient of nonorthogonal projection of z
on I'y in the direction orthogonal to I'y ; they are the coordinates in this non-
orthogonal system. Those coefficients must be nonnegative x =, 0 because
x € K (186) and K is simplicial.

If we ascribe the extreme directions of IC to the columns of a matrix X ,

X2 Ty (208)
then we find . .
XT=|r r 209
Tir, ‘T7r, (209)
Therefore,

r=XX'y (210)
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is the biorthogonal expansion (207) (§E.0.1), and the biorthogonality condi-
tion (206) can be expressed succinctly (§E.1.1)*4°

XX =1 (211)

The expansion X XTw for any w € R? is unique if and only if the extreme
directions of K are linearly independent; id est, iff X has no nullspace.
O

2.8.3.1 Pointed cones and biorthogonality

The biorthogonality condition (211) XX =TI means I'; and Ty are linearly
independent generators of K. (§B.1.1.1) From §2.6.7 we know that means
I'y and I's must be extreme directions of K.

A biorthogonal expansion is necessarily associated with a pointed closed
convex cone, otherwise there can be no extreme directions (§2.6.4). We will
address biorthogonal expansion with respect to a pointed polyhedral cone
having empty interior in §2.9.1.

2.8.3.1.1 Example. Fxpansions implied by diagonalization.
When matrix X € R is diagonalizable,

T
wy M

X = SAS™ = [s1--su] A ET = Z)‘i s,w} (913)
Wiy i=1

coordinates \; (contained in diagonal matrix A) for its biorthogonal expan-
sion
wiX M
X =851X = [s,---sy]| =) Aisw (212)
wi, X i=1
depend upon the geometric relationship of X to its linearly independent
eigenmatrices s,w! (§A.5.1, §B.1.1) which are dyads constituted by right
and left eigenvectors and are generators of some simplicial cone. When S is
real and X belongs to that simplicial cone in RM¥*™  for example, then the
coefficients of expansion, the eigenvalues \;, must be nonnegative.

240possibly confusing is the fact that formula X Xtz is simultaneously the orthogonal
projection of z on R(X) (1202), and the sum of nonorthogonal projections of = € R(X)
on the range of each column of full-rank X skinny-or-square (§E.5.0.1.2).
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When X is symmetric, its eigenmatrices are extreme directions of the
positive semidefinite cone S (120) in the subspace of symmetric matri-
ces, although X does not necessarily belong to that cone. The coordi-
nates for biorthogonal expansion of X =QAQ" are its eigenvalues; id est,
for X e SM,

M M
X =QQ"X =) qqg/X =) Nigql €8sV (213)
=1

i=1

is an orthogonal expansion with orthonormality condition Q7Q =1 where
\; is the " eigenvalue of X, ¢; is the i*" corresponding eigenvector of X
arranged columnar in orthogonal matrix

Q=[q q - qu) €R"M (214)

and eigenmatrix ¢,q! is the i*" member of an orthonormal basis for SM (1275)
and is an extreme direction of S]f .

Similarly, when X belongs to the positive semidefinite cone in the sub-
space of symmetric matrices, the coordinates for biorthogonal expansion of
X =QAQT can be its nonnegative eigenvalues (845); id est, for X € K=S"

M M
X =QQ"X =) qq/X =) Nigql €5 (215)
i=1

i=1

is an orthogonal expansion where \;>0 is the i'" eigenvalue of X. O

2.8.3.2 Self-dual cones and biorthogonality

Whenever a pointed closed convex cone is self-dual, K = K, an associ-
ated biorthogonal expansion can become an orthogonal expansion; id est, the
biorthogonality condition XX =1 can instead become the orthonormality
condition X7X = I'. The biorthogonal expansion (212), for example, be-
came the orthogonal expansions (213) and (215); id est, extreme directions
of some simplicial cone and its dual became extreme directions of the positive
semidefinite self-dual cone.

The most prominent examples of self-dual cones are the orthants, the
positive semidefinite cone Sf in the ambient space of symmetric matrices
(199), and the second-order (Lorentz) cone (114) [62, §II.A] [1, exmp.2.25].
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2.8.3.2.1 Example. Biorthogonal expansion respecting nonpositive orthant.
Suppose x € K any orthant in R".24! Then the coordinates for biortho-
gonal expansion of z must be nonnegative; in fact, the absolute value of the
Cartesian coordinates.

Suppose, in particular, = belongs to the nonpositive orthant I = RZ .
Then the biorthogonal expansion becomes an orthogonal expansion and, for
reR?

n n
r=XX"r = Z—ei(—e?x) = Z—ei|efx| € RZ (216)
i=1 i=1
the coefficients of expansion are nonnegative. For this orthant I we have
orthonormality condition X7X = I where X = —I, e¢; € R" is a standard
basis vector, and —e; is an extreme direction (§2.6.4) of K.

Of course, this expansion =X X7z applies more broadly to domain R",

but then the coefficients belong to R. O

241 An orthant is simplicial and self-dual.
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2.9 Formulae and algorithm finding dual cone

2.9.1 Biorthogonal expansion, derivation

Unique biorthogonal expansion with respect to polyhedral cone I depends
upon existence of its linearly independent extreme directions; K must there-
fore be pointed, closed, and convex to uniquely represent any point in their
span.

In this section, we consider nonempty pointed polyhedral cone I having
possibly empty interior. Hence we restrict observation to that section of the
dual cone K" in the affine hull of K because we are interested in biortho-
gonal expansion of z € aff K = aff cone X for X € R™" as in (156); we
seek a vertex-description for K 'Naff K in terms of a set of dual generators
{T;}Caff K in the same finite quantity>*? as the extreme directions {I';} of

K = cone(X) = {Xa|a>=0} CR" (165)
arranged columnar in X :
X=[I I'y-- I'y] e RN (156)

We assume the quantity of extreme directions N does not exceed the dimen-
sion n of the ambient vector space because, otherwise, the expansion could
not be unique; id est, assume N linearly independent extreme directions,
hence N <n (X skinny**® or square, full-rank).

29.1.1 zek

Suppose = belongs to K CR". Then x = Xa for some a>0. Vector a is
unique only when {T;} is a linearly independent set.>** Vector a € RY can
take the form a =Bz if R(B)=R". Then we require Xa=XBz =2 and
Br=BXa=a. The pseudoinverse B = X € RY*" (§E) is suitable when
X is skinny-or-square and full-rank. In that case rank X = N, and for all
c>~0and i=1... N,

a=0 e X'Xa-0 & o X'XTe>0 & ITXTe>0 (217)

242When K is contained in a proper subspace of R", the ordinary dual cone K" will have
more (conic) generators in any minimal set than IC has extreme directions.

2434Skinny” meaning thin; more rows than columns.

244Conic independence alone (§2.6.7) is insufficient to guarantee uniqueness.
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The penultimate inequality follows from the generalized inequality and mem-
bership corollary, while the last inequality is a consequence of that corollary’s
discretization (§2.8.2.1.3).24° From (217) and (194) we deduce

K'naff K = cone(X'") = {XT¢|c=0} CR" (218)

is the vertex-description for that section of K" in the affine hull of X because
R(XTT) = R(X) by definition of the pseudoinverse. From (176), we know
K™ N aff K must be pointed if relint K is logically assumed nonempty with
respect to aff IC.

Conversely, suppose full-rank skinny-or-square matrix

XiT A P}] e RV (219)

comprises the extreme directions {T';} C aff £ of the dual cone section in
the affine hull of K .26 From the discrete membership theorem and (179) we
get a partial dual to (194); id est, assuming z € aff cone X,

rek o 4Tr>0 forall v'e {Pj, ¢:1...N} c oK naffk  (220)
& X'z =0 (221)
that leads to a partial halfspace-description,

K = {zeaffcone X | X'z = 0} (222)

2.45
ar0 e dTXTXTe>0 Y(ex=0 & d"XTXTe>0 Vax0)
Vie=0 « TIxe>0 Vi)

¢
Intuitively, any nonnegative vector a is a conic combination of the standard basis
{eieRN}; a>0 & a;e; = 0 for all i. The last inequality in (217) is a consequence
of the fact that = Xa may be any extreme direction of K, in which case a is a stan-
dard basis vector; a =e¢e; = 0. Theoretically, because ¢>=0 defines a pointed polyhedral
cone (in fact, the nonnegative orthant in R™), we can take (217) one step further by
discretizing c:

ax0 & ITr; >0 fori,j=1...N & X'xX>0

In words, XTX must be a matrix whose entries are each nonnegative.
. . * . .
246When closed convex K has empty interior, K has no extreme directions.
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For v* = Xe;, any ¥ = Xa, and for all i we have e!X"Xa = efa > 0
only when a = 0. Hence x€ K.

When X is full-rank, then the unique biorthogonal expansion of x € K
becomes (210)

N
r=XXle =Y I e (223)
i=1
whose coefficients must be nonnegative because K is relatively simplicial by
assumption. Whenever X is full-rank, so is its pseudoinverse X'. (§E) In
the present case, the columns of X7 are linearly independent and genera-
tors of the dual cone K N aff £; hence, the columns constitute its extreme
directions. (§2.6.7) That section of the dual cone is itself a polyhedral cone
(by (159) or the cone intersection theorem, §2.6.2) having the same number
of extreme directions as K .

2.9.1.2 zcaff €

The extreme directions of K and K 'Naff £ have a distinct relationship;
because XTX = I, then for 4,j = 1...N, TTI, =1, while for i # j,
FiTF; = 0. Yet neither set of extreme directions, {T';} nor {I'; }, is necessar-
ily orthogonal. This is the exact description of a biorthogonality condition,
43, §2.2.4] [28] implying each set of extreme directions is linearly indepen-
dent. (§B.1.1.1)

The biorthogonal expansion therefore applies more broadly; meaning, for
any x € aff IC, vector  can be uniquely expressed = =Xb where beR”" be-
cause aff I contains the origin. Thus, for any such x € R(X) (confer §E.1.1),
the biorthogonal expansion (223) becomes =X XTXb=Xb.

2.9.2 Dual of pointed £, X skinny-or-square full-rank

We wish to derive expressions for the convex cone and its ordinary dual under
the same general assumptions: pointed polyhedral K denoted by its extreme
directions arranged columnar in matrix X such that

rank(X € R”N) = N £ dimaff K < n (224)
The vertex-description is given:

K={Xa|a>0} CR" (225)
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from which a halfspace-description for the dual cone follows directly:
K'={yeR"| X"y =0} (226)

By defining a matrix
X1 2 basisN(XT) (227)

(a columnar basis for the orthogonal complement of R(X)), we can say

affcone X = aff K = {z | X'z =0} (228)

meaning C lies in a subspace, perhaps R". Thus we have a halfspace-
description

K={zeR"| XTz>0, X7z =0} (229)
and from (179), a vertex-description®47
K'={[XT X* - X' |b=0}CR" (230)

These results are summarized for a pointed polyhedral cone, having lin-
early independent generators, and its ordinary dual:

*

Cone Table 1 ‘ K K

vertex-description X X £ Xt
halfspace-description | XT, X+7 X7

2.9.2.0.1 Example. Theorem of the alternative for linear inequality.

A myriad of alternative systems of linear inequalities can now be explained in
terms of polyhedral cones and their duals. Consider the polyhedral cone K,
for example, constrained to lie in a subspace of R" specified by an intersection
of hyperplanes through the origin {z € R"| ATx=0} where A€ R"*™. Then
from (183) we may write,

b—AyeK < z'(b—Ay)>0 Vzek (231
ATz=0, b—Ayek = 2Tb>0 VeeK (232

247These descriptions are not unique. A vertex-description of the dual cone, for example,
might use four conically independent generators for a plane (§2.6.7.1) when only three
would suffice.
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Conversely, suppose we are given the membership relation (231). (§2.8.2.0.1)
Then because x#7Ay is unbounded below over all y € R™, zT(b— Ay) >0
implies ATx=0: id est, K lies in a subspace: for y&R™,

ATr=0, b—AyeK <« zT(b—Ay)>0 Vzek (233)
In toto, for any yeR™,
b—AyeK < 2b>0, ATx=0 Vzek (234)

From this, the alternative systems of inequalities for pointed polyhedral cones
K and K" [30, p.201]

Ay =< b
IC*
exclusive or (235)

2’b<0, ATs=0 Vo =0
K

derived from (234) simply by taking the complementary sense of the inequal-
ity in #7b. These two systems are incompatible; only one is feasible.

By invoking a strict membership relation (187), we can construct a more
exotic interdependency;

b—Ay = 0 & 27b>0, ATa=0 Vz >0, 2#0 (236)

K K

From this, the alternative systems of inequalities [1, pp.50, 54, 262]

Ay < b
]C*
exclusive or (237)

2'hb<0, ATx=0 Vo =0, 2#0
K

derived from (236) taking the complementary sense of the inequality in z7b.
O
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2.9.2.1 Simplicial case

When a convex cone is simplicial (§2.7.3), Cone Table 1 simplifies because
then aff cone X =R": For square X and assuming simplicial K such that

rank(X € RY) = N £ dimaff K = n (238)

we have

Cone Table S ‘ K K

vertex-description | X X7
halfspace-description | XT X7

For example, vertex-description (230) simplifies to

K' = {XTb|b>=0} cR" (239)
Now, because dim R(X) = dim R(X7), (§E) the dual cone K" is simplicial
whenever I is.
2.9.2.2 Ambient space = aff

It is obvious by definition (170) of the ordinary dual cone K" in ambient vector
space S that its determination instead in ambient vector space M C S is
identical to its intersection with M ; d est, assuming cone X C M,

K" in ambient M C S = K N M (240)
because
{fyeM | (y,z) >0 forall e K} = {yeS | (y,xz) >0 forall z€ L} N M
(241)

From this, a constrained and new membership relation (§2.8.2.0.1) for the
ordinary dual cone K'C S, assuming z,ye M and KXC M,

yeK'NnM < (y,z) >0 forall z € K (242)
By closure in ambient M we have symmetry (§2.8.1.1):
rek & (y,z)>0 foral ye K N M (243)

This means membership determination in ambient M requires knowledge of
the dual cone only in M.
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Assume now an ambient space M that is the affine hull of cone K : Con-
sider again a pointed polyhedral cone I denoted by its extreme directions
arranged columnar in matrix X such that

rank(X € RNy = N 2 dimaff K < n (224)

We want expressions for the convex cone and its dual in ambient M =aff K:

Cone Table A ‘ IC K'naff K

vertex-description X XiT
halfspace-description | X, X+T X7 X*T

When dim aff I = n, this table reduces to Cone Table S. These descriptions
facilitate work in an ambient space that may be a proper subspace. The

subspace of symmetric matrices SV, for example, often serves as ambient

space.?48

2.9.2.2.1 Example. The monotone nonnegative cone.

[1, exer.2.33] [73, §2] Simplicial cone (§2.7.3.0.1) K4 is the cone of all

nonnegative vectors having their entries sorted in nonincreasing order:

Ky 2 {o o> a9 > > w0, >0} CR?

={r|(e;—e1)x>0,i=1...n—1, elx >0} (244)
={z | X'z = 0}

a halfspace-description where e; is the i*" standard basis vector, and where

)(TTé [61—62 €yg—€3 - en]ER”X" (245)

(With X' in hand, we might concisely scribe the remaining vertex and
halfspace-descriptions from the tables for Ky and its dual. Instead we
use generalized inequality in their derivation.) For any z and y, simple
algebra demands

vy = szyz = (z1 — w2)y1 + (22 — 23) (Y1 + yo2) + (v3 — 24) (Y1 + Y2 + y3) + - -
i=1

+ (@1 = ) (Y1 Y1) F 2y + o+ yn)
(246)

*
248The dual cone of positive semidefinite matrices Si\_f = Sf remains in S by convention,

whereas the ordinary dual cone would venture into RV <V,
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Because z; — x;1.1 > 0 Vi by assumption whenever z € Ky , we can
employ generalized inequality (185) with respect to the self-dual nonnegative
orthant R to find the halfspace-description of the dual cone ICjM +. Wecan
say a7y >0 for all XTx =0 [sic] if and only if,

20, m+yp>0, .., ittty >0 (247)

1d est,
tTy>0 VX'z>-0 © XTy=0 (248)

where
X:[el e1+e e +ext+eg - 1]€Rn><n (249)

Because X'z = 0 connotes membership of x to pointed Ku , then by
(170) the dual cone we seek comprises all y for which (248) holds; thus its
halfspace-description,

k
Kve=1{y =0} ={y| S 5>0, k=1...n} = {y| XTy=0} CR"
K i=1
(250)
The monotone nonnegative cone and its dual are simplicial, illustrated for
two Euclidean spaces in Figure 2.24.

From §2.8.2.2, the extreme directions of proper Knq, are respectively
orthogonal to the facets of ICL + - DBecause le\,l + is simplicial, the inward-
normals to its facets constitute the linearly independent rows of X7 by (250).
Hence the vertex-description for ICpqy employs the columns of X in agreement
with Cone Table S because XT= X~!. Likewise, the extreme directions of
proper ICL 4 are respectively orthogonal to the facets of K¢y whose inward-
normals are contained in the rows of X7 by (244). So the vertex-description
for K, employs the columns of X7 O

2.9.2.2.2 Example. Monotone cone. (Figure 2.25) Of nonempty inte-
rior but not pointed, the monotone cone is polyhedral and defined by the
halfspace-description

Km 2 {oeR" |21 >0 > > 2} = {zeR" | Xz =0} (251)
Its dual is therefore pointed but of empty interior, having vertex-description

K= {X"b2[e1—es es—es - en1—e,]b|b=0}CR"  (252)
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where the columns of X* comprise the extreme directions of ICjV[ . Because

ICle is pointed and satisfies

rank(X*€ R™Y) = N 2 dimaff K" < n

(253)

where N=n—1, and because K, is closed and convex, we may adapt Cone

Table 1 as follows:

Cone Table 1* K" K=K
vertex-description X+ XHT £ X+
halfspace-description | X*T X*1T X7

The vertex-description for Ky is therefore
Ky ={[ X" X+ —X**a]a=0}CR"

where X*+=1 and

‘-1 -1 —1 - -1 1 1
n—2 n—2 -2 . .. ) )
X*T:l n—3 n—3 . —(n—4) : -3
n 3 : n—4 —(n—=3) —(n-23) :
2 2 2 —(n-2 —(n-2)
1 1 1 1 1 —(n—1)
while

Ky={yeR"| X*y =0, X7y =0}

is the dual monotone cone halfspace-description.

(254)

c Rn—lxn

(255)

(256)
O

2.9.2.3 More descriptions of pointed cone with equality constraint

Consider pointed polyhedral cone K whose subspace membership is explicit;

1d est, we are given the ordinary halfspace-description,

K={z| Az >0, Cx =0} CR" (159a)

where A€ R™" and C € RP*". This can be equivalently written in terms

of nullspace of C' and vector ¢:

K={Z¢eR" | AZE = 0}

(257)
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where R(Z € R rankc) é/\/'(C') . Assuming (224) is satisfied

rank X 2 rank ((AZ)' e R"*ra“kcxm) =m—/{ = dimaff L < n—rankC
(258)

where ¢ is the number of conically dependent rows in AZ (§2.6.7) that
must be removed before the cone tables become applicable. Then the results

collected in the cone tables imply the assignment X 2 (AZ)T e RrrankCOxm=t,
where A€ R™ " can be followed with linear transformation by Z. So, we
get the vertex-description

K={Z(AZ)'b | b= 0} (259)
From this and (189) we get a halfspace-description of the dual cone,
K'={yeR" | (Z"A")1 2%y = 0} (260)
From this and Cone Table 1 we get a vertex-description, (1175)
K'={[Z"T(Az)" ¢ —C"]c|c=0} (261)

Yet because
K={x| Az =0} N {z | Cz =0} (262)

then, by (179), we get an equivalent vertex-description for the dual cone

K'={z| Az =0} + {z | Cx =0}

(263)
={[AT CT -CT]b|b>=0}

from which the conically dependent columns may, of course, be removed.

2.9.3 Dual of proper non-simplicial ', X fat full-rank

Having found formula (239) to determine the dual of a simplicial cone, the
easiest way to find the vertex-description for the dual of an arbitrary poly-
hedral proper cone I in R" is to first decompose it into simplicial parts IC;
so that K =JK; .24 The existence of multiple simplicial parts means the

249That proposition presupposes, of course, that we know how to perform the simplicial
decomposition efficiently; also called triangulation. [74] [75, §3.1] [76, §3.1]
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biorthogonal expansion of z€ K like (223) can no longer be unique because
the number of extreme directions in K exceeds n the dimension of the space.

Assume we are given a set of N conically independent generators®®°
(§2.6.7) of proper K arranged columnar in X € R™* such that n< N (fat)
and rank X =n. Each component simplicial cone in K corresponds to some
subset of n linearly independent columns from X. The key idea, here, is
how the extreme directions of the simplicial parts must remain extreme
directions of K. Finding the dual of I amounts to finding the dual of each
simplicial part:

Theorem. Dual cone intersection. [31, §2.7]  Suppose proper cone
K C R" equals the union of M simplicial cones K; whose extreme directions
all coincide with those of K. Then proper dual cone K" is the intersection
of M dual simplicial cones K, ; id est,

)

M M
K=k = K=K; (264)
i=1 i=1

<

Proof. For X; € R™", a matrix of extreme directions arranged colum-
nar, corresponding simplicial K; has vertex-description,

Now suppose,
M M
K=k = U{Xiclc=0} (266)
i=1 i=1
The union of all K; can be equivalently expressed
a
K= Xyl | 2] ] ab o ex0 (267)
c

Because extreme directions of the simplices IC; are extreme directions of K
by assumption, then by the extremes theorem, (§2.6.4.0.1)

250We can *always eliminate conically dependent columns from X to construct I or to
determine K. (§F.2)
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Defining X 2 [ Xy Xo--- Xy ] (with any redundant columns optionally re-
moved from X), then K" can be expressed, (195) (Cone Table S)

M M
K={ylXy=0} = (ylX/y=0} = (K (269)
=1 =1
¢

To find the extreme directions of the dual cone, first we observe that some
facets of each simplicial part K; are common to facets of K by assumption,
and the union of all those common facets comprises the set of all facets of IC
by design. For any polyhedral proper cone K, the extreme directions of the
dual cone K" are respectively orthogonal to the facets of . (§2.8.2.2) Then
the extreme directions of the dual cone can be found among the inward-
normals to facets of the component simplicial cones IC; ; those normals are
extreme directions of the dual simplicial cones K; . From the theorem and
Cone Table S,

*

K=

_=x

M
K = ({X[Te|ex=o} (270)
i=1 i=1
The set of extreme directions {I'; } for the proper dual cone K is therefore
constituted by the conically independent generators, from the columns of all

the dual simplicial matrices {Xj T}, that do not violate its discrete definition
(195):

{P*{, r;..rjv} = ci. {X}T(:,j), i=1...M,j=1...n| X/(j,)T¢ >0, €:1...N}
(271)

where c.i. denotes the selection of only the conically independent vectors
from the argument set, argument (:,5) denotes the ;™ column while (j,:)
denotes the j*™ row, and {I;} constitutes the extreme directions of K.
Figure 2.16(b) (p.71) shows a cone and its dual found via this formulation.

Example. Dual of K non-simplicial with respect to ambient space aff IC .
Given conically independent generators for pointed closed convex K in R*,
arranged columnar in

X: [Fl FQ Fg F4] = (272)

S O ==
|

O = O =

—_ o = O

=)
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having dim aff  =rank X =3, then performing the most inefficient simpli-
cial decomposition in aff  we find

1 1 0 1 1 0 1 0 0 1
-1 0 1 -1 0 0 -1 1 0 0

X = 0 -1 0 ) Xa = 0 -1 1 » Xs = 0 0 1 c Xa=1
0 0 —1 0 0 —1 0 -1 —1 0

(273)

The corresponding dual simplicial cones in aff I have generators respectively
columnar in

2 1 1 1 2 1 3 2 -1
-2 1 1 -3 2 1 -1 2 —1
1T _ 1T _ 1T _ 1T _
X0 = 2 =3 1| 4Xy = 1 =2 1]’ Xy = -1 =2 3|7 4Xy
—2 1 -3 1 -2 -3 -1 -2 -1
(274)
Applying (271) we get
1 2 3 2
ok %k 1 1 2 -1 =2
N R (275)
-3 -2 -1 =2

whose rank is 3, and is the known result;>5! the conically independent gener-
ators for that pointed section of the dual cone K in aff K; id est, K Naff K.
O

2.10 Polyhedral inscription in PSD cone

primal and dual inscribed cones

objective is bounded means number of faces not exponential as aspremont
predicts.

inscription example in §2.8.3.1.1.

251 These calculations proceed so as to be consistent with [77, §6]; as if the ambient vector
space were the proper subspace aff C whose dimension is 3. In that ambient space, K
may be regarded as a proper cone. Yet that author (from the citation) erroneously states
the dimension of the ordinary dual cone to be 3; it is, in fact, 4.

—_— O = O
— -0 O
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Figure 2.17: The unit simplex in R® is a unique solid tetrahedron, but is not
regular.
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Figure 2.18: Two views of a simplicial cone and its dual in R*®. The semi-
infinite boundary of each cone is truncated for illustration. The Cartesian
axes are drawn for reference.
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Figure 2.19: Two equivalent constructions of dual cone K': (a) Showing
construction by intersection of halfspaces. Only those two halfspaces whose
bounding hyperplanes have inward-normal corresponding to an extreme di-
rection of this pointed closed convex cone K C R? are drawn (truncated).
(b) Suggesting construction by union of inward-normals y to each and every
hyperplane supporting X. This interpretation is valid when K is convex be-
cause existence of a supporting hyperplane is then guaranteed (§2.3.2.4).

Figure 2.20: K is a halfspace about the origin in R2. K" is a ray base 0,
hence has empty interior in R?; so K cannot be pointed. (Both convex cones
appear truncated.)
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Figure 2.21: K is a pointed empty-interior polyhedral cone in R* (drawn
truncated and parallel to the floor on which you stand). K" is a wedge whose
truncated boundary is illustrated (drawn perpendicular to the floor). In this
particular instance, K C int K~ (excepting the origin). Cartesian coordinate
axes drawn for reference.
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IC><

Figure 2.22: K and K are halfplanes in R®. Both semi-infinite convex
cones appear truncated. Each cone is like K in Figure 2.20, but embedded
in a two-dimensional subspace of R®. Cartesian coordinate axes drawn for
reference.
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L'y

I

rhL1ry
I'y L T's

I3

Figure 2.23: Polyhedral proper cone K in R? and its dual K in R? drawn
truncated. Conically independent generators I'y and I's constitute ex-
treme directions of K while I's and I'y constitute extreme directions of
K*. Point z comparable to point z (and wvice versa) but not to y;
zrr e z—zek & z2—x> 0 iff coordinates for biorthogonal expan-
sion of z—x are nonnegative. Point y not comparable to z because z does
not belong to y+ /. Points need not belong to K to be comparable; e.g., all
points greater than w belong to w+ . Were w lifted to three dimensions
(K in R? and its ordinary dual K" in R® for example), all members of the
translated cone w + K would remain comparable to w € R3.



2.10. POLYHEDRAL INSCRIPTION IN PSD CONE 111

o O =
O = =
— =

Figure 2.24: Simplicial cones. (a) Monotone nonnegative cone K, and its
dual K}, (drawn truncated) in R?. (b) Monotone nonnegative cone and
boundary of its dual (both drawn truncated) in R®. Extreme directions of
IC;,‘ 4, are indicated.
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Figure 2.25: Two views of the monotone cone K and its dual Ky, (drawn
truncated) in R®. The monotone cone is not pointed. The dual monotone
cone has empty interior. The Cartesian coordinate axes are drawn for refer-
ence. In R?, the monotone cone and its dual resembles Figure 2.20.



Chapter 3

Geometry of convex functions

The link between convexr sets and convexr functions is via the
epigraph: A [real] function is convex if and only if its epigraph is
a convex set.

—Stephen Boyd & Lieven Vandenberghe [1, §3.1.7]

We limit our treatment of multidimensional functions to finite-
dimensional Euclidean space. Then the icon for the one-dimensional convex
function is bowl-shaped (Figure 3.2), whereas the concave icon is the in-
verted bowl; respectively characterized by a unique global minimum and
maximum whose existence is assumed. Because of this simple relationship,
the usage of the term convezxity is often implicitly inclusive of concavity in
the literature. Despite the iconic imagery, the reader is reminded that the
set of all convex, concave, quasiconvex, and quasiconcave functions contains
the monotone [25] [24, §2.3.5] functions; e.g., [1, §3.6, exer.3.46).

3:0© 2001 Jon Dattorro, all rights reserved.
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3.1 Convex function

3.1.1 Vector-valued function

The vector-valued continuous function f(X): RF**RM is convex in X if
and only if dom f is a convex set and, for each and every Y, Z&dom f and
all 0<u<1,

fuY+1-pw2) 2 puf(Y)+ 1 —p)f(2) (276)

M
Ry

Reversing the sense of the inequality flips this definition to concavity.

Since comparison of vectors here is with respect to Rf (196), the
M-dimensional nonnegative orthant, the test prescribed by (276) is simply
a comparison on R of each entry of the vector function. The vector-valued
function case is therefore a straightforward generalization of conventional
convexity theory for a real function. [1, §3,§4]

This same conclusion also follows from theory of generalized inequality
(§2.8.2.0.1) that implies

f convex < w’f convex Yw >0 (277)

shown by substituting the defining inequality (276). Discretization
(§2.8.2.1.3) allows relaxation of the semi-infinite number of constraints w = 0
to: for each and every w¢€ {e;, i=1... M} (the standard basis for R and
a minimal set of generators (§2.6.4.1) for R}) from which the stated con-
clusion follows.

Relation (277) further implies the space of all vector-valued convex func-
tions is a closed convex cone. Indeed, any nonnegatively weighted sum of
convex functions remains convex. Certainly any nonnegative sum of real
convex functions remains convex.

When f(X) instead satisfies, for each and every distinct Y and Z in
dom f and all O<pu<1,

fY +(1-wZ2) < pf(Y)+(1—p)f(2) (278)

then we shall say f is a strictly convex function. Like any convex function, a
strictly convex function f(X) has a unique minimum value. Yet it also has a
unique minimizer X* called the optimal solution of the convex optimization
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problem )1<nfc f(X) over some abstract convex set C. The vector (Euclidean)
€

2-norm ||z|| and Frobenius norm || X||p, for example, are strictly convex
functions of their respective argument. [1, §8.1]

3.1.1.1 Affine function

A function f(X) is affine when it is continuous and has the dimensionally
extensible form (confer §2.6.6.3.4)

f(X)=AX+B (279)

When B =0 then f(X) is a linear function. Variegated multidimensional
affine functions are recognized by the existence of no multivariate terms in
argument entries and no polynomial terms in argument entries of degree
higher than 1; id est, entries of the function are characterized only by linear
combinations of the argument entries plus constants.

All affine functions are simultaneously convex and concave.

For X € S” and matrices A, B, Q, R of any compatible dimensions, for
example, the expression XAX is not affine in X, whereas

R BTX

9X) =1 vp Q+ATX + XA (280)

is an affine multidimensional function. Such a function is typical in engineer-
ing control. [78, §2.2]>! [3] [5]

3.1.1.2 Epigraph

It is well established that a continuous real function f(X):RP**—R is
convex if and only if its epigraph makes a convex set;

f convex < epi f convex (281)

where the epigraph is defined, [29] [30] [35] [32] [37]

epif 2 {(X,t) | Xedomf, f(X)<t} CR™ xR  (282)

31The interpretation from this citation of {X € SM | g(X) > 0} as “an intersection
between a linear subspace and the cone of positive semidefinite matrices” is incorrect.
(See §2.6.6.3.4 for a similar example.) The conditions they state under which strong
duality holds for semidefinite programming are conservative. (confer §6.1.2.3.1)
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Figure 3.1: Gradient in R? evaluated on grid over some open disc in domain
of convex quadratic bowl f(Y)=Y7Y :R?®—R illustrated in Figure 3.2.
Circular contours are level sets.

Thus the epigraph is a classical connection between convex sets and real
convex functions.

Generalization to a vector valued function f(X) : RP**=RM yields only
a partial result; from (277):32

epif = {(X,t) | Xedom f, w'f(X)<t, Vw>=0} C RF*"xR
{ =

(X,t) | Xedom f, f(X) < t1} (283)

M
RJr

1d est,
f convex = epi f convex (284)

This partial result follows because a convex set can be formed from the
intersection of non-convex sets, and (283) describes an intersection. Yet every
real function constituting each entry of the convex vector-valued function
must, of course, correspond to a convex epigraph.

32By generalized inequality (§2.8.2.0.1), w?(t1— f) >0 Vw>=0 < t1— f = 0.
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3.1.1.3 Gradient

The gradient Vf (§D.1) of a multidimensional function f maps each entry
fi to a space having the same dimension as the ambient space of its domain;
it can be considered a vector pointing in the direction of greatest change.
(79, §15.6] For a one-dimensional function of real variable, for example, the
gradient is just the slope of that function evaluated at any point in the
domain. For the quadratic bowl in Figure 3.2, the gradient maps to R?;
illustrated in Figure 3.1.

Example. Hyperplane, line, described by affine function. Consider the
real affine function of vector variable,

f(z) : RP-R = a"z+b (285)

whose domain is R? and whose gradient Vf () = a is a constant vector
(independent of z). This function describes the real line R, its range, and
it describes a non-vertical [29, §B.1.2] hyperplane OH in the space R? x R
for any vector a (confer §2.3.2);

_ x P p
aH_{[aTx+b}|x€R}CRXR (286)
having nonzero normal
a
n:l_l}eRpxR (287)

This equivalence to a hyperplane holds only for real functions.3

e The epigraph of the real affine function f (x) is therefore a halfspace,
and so the real affine function is to convex functions as the halfspace
is to convex sets.

3:3To prove that, consider a vector-valued affine function
f(x): RP-RM = Az +b

having gradient Vf(z)=AT € RP*M: The affine set

x p p M
A
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Similarly, the matrix-valued affine function of real variable x, for any
matrix AeRM*N,

h(z) : R-R"N = Az + B (288)
describes a line in R™*¥ in direction A
{Az + B | z€R} C RM*N (289)
and describes a line in R x RM*¥
{{AxiB] |xeR}CRxRMXN (290)
whose slope with respect to x is A. O

3.1.1.3.1 First-order convexity condition, vector-valued function
When a real function f is differentiable at each point in its open domain,
there is an intuitive geometric interpretation of function convexity in terms
of its gradient V f and its epigraph.

Consider the first-order necessary and sufficient condition for convexity:
Differentiable vector-valued function f(X) : RP**—RM is convex if and only
if dom f is open, convex, and for all X,Y € dom f,

—Y-X

fY) = [(X)+df(X) = fX)+ | X+t =X))  (291)

M t=0
RY

—Y —-X
where df(X) is the directional derivative®* [79] [80] of f at X in direction

Y — X, and where the right-hand side of the inequality is the first-order
Taylor series expansion of f about X .

is perpendicular to

. A [ V{(Ix) ] c RPXM  RMXM

because

T X 7_0 o D
n<{A$+b} _b})(), Ve eR

Yet 7 is a vector (in R x RM) only when M=1. ¢

3-4We extend the traditional definition of directional derivative in §D.1.4 so that direction
may be indicated by a vector or a matrix, thereby broadening the scope of the Taylor series
(§D.1.6).
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Vi(X) }

OH_

Figure 3.2: Drawn is a convex quadratic bowl in R*® (confer Figure D.1,
p.361); f(Y)=YTY :R® =R wversus Y on some open disc in R2.  The
supporting hyperplane 9H_ € R*xR (which is tangent, only partially drawn)
and its normal vector [V f(X)T —1]7 at the point of support [ X7 f(X)]T
are also illustrated.

Necessary and sufficient discretization (§2.8.2.1.3) of w =0 in (277) in-
vites refocus to the real-valued function: When f(X):RP** =R is a real
differentiable convex function with matrix argument on open convex domain,

from (1138)
f00) = f0) + u(VFOOT(r - X)) (292)
is the first-order necessary and sufficient condition for convexity.
When f(X): RP—R is a real differentiable convex function with vector

argument on open convex domain, there is further simplification of this first-
order condition (291); [1, §3.1.3] [33, §1.2] [4, §1.2.3]

f¥) 2 f(X) + V)Y - X) (293)

From this we can find a unique [32, §5.5] non-vertical [29, §B.1.2] hyperplane
OH (§2.3), expressed in terms of the function gradient, supporting epi f ;
videlicet, [1, §3.1.7] defining f(Y ¢ dom f)=o00,

[ emwr s ey ) ([1]- [ ])<o
294
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a > fY)=8 > f(Y)=9

Figure 3.3: Shown is a plausible contour plot in R? of some arbitrary real
convex function f (Y') at selected levels v, 3, and 7; contours in the func-
tion’s domain of equal level f (level sets). A convex function has convex
sublevel sets Ly f(X) (296). [30, §4.6]

This means for each and every point X in the domain of a real convex
VX) }

function, there exists a hyperplane in R” x R having normal [ )

X
supporting the function epigraph at [ f (X) } € OH_ . One such supporting

hyperplane is illustrated in Figure 3.2 for a convex quadratic.
From (293) we deduce for all X,Y € dom f :

VAX)T(Y -X)>0 = f(Y)> f(X) (295)

meaning, the gradient at X identifies a supporting hyperplane in R” there
to the sublevel sets of the function f,

Lf(X) = {Yedomf | f(¥) < f(X)} C R” (206)

illustrated for an arbitrary real convex function in Figure 3.3.
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3.1.1.4 Second-order convexity condition, vector-valued function

Again, by discretization, we are obliged to consider only each separate en-
try of a vector function. For f(X):RF—RM, a twice differentiable vector
function with vector argument on open convex domain,

Vi(X) = 0 VXedomf, i=1...M (297)

s

is a necessary and sufficient condition for convexity of f. Strict inequality
is a sufficient condition for strict convexity.

For a twice-differentiable real function f (X): RP-R having open
domain, a consequence of the mean value theorem from calculus allows pre-
cise expression of its complete Taylor series expansion about X € dom f
(§D.1.6) using only three terms: On some open interval of ||Y'|| so each and

every line segment [X, Y] belongs to dom f, there exists an a €0, 1] such
that [4, §1.2.3] [33, §1.1.4]

F) = FX) + VAT = X) 4+ 5= XV (@X + (1= a)V) (V- X)
(298)

The first-order condition for convexity (293) follows directly from this and
the second-order condition (297).

We need different tools for matrix argument:

3.1.2 Matrix-valued function

We are primarily interested in continuous matrix-valued functions g(X).
We choose symmetric g(X) € S because matrix-valued functions are most
often compared (299) with respect to the positive semidefinite cone Sf in
the ambient space of symmetric matrices.?®

35Function symmetry is not a necessary requirement for convexity; indeed, for A€R™*P
and BER™* ¢(X)= AX + B is a convex (affine) function in X on domain RP*¥ with
respect to the nonnegative orthant RTXI“. Symmetric convex functions share the same
benefits as symmetric matrices. Horn & Johnson [28, §7.7] liken symmetric matrices to
real numbers, and (symmetric) positive definite matrices to positive real numbers.
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Definition. Convex matriz-valued function.
1) Matriz-definition.
A function g(X) : RP”** 5 SM is convex in X iff domg is a convex set and,
for each and every Y, Z€domg and all 