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Some properties of "Davidon", or variable metric, methods are studied from the viewpoint 
of convex analysis; they depend on the convexity of the function to be minimized rather than 
on its being approximately quadratic. An algorithm is presented which generalizes the variable 
metric method, and its convergence is shown for a large class of convex functions. 

1. This note summarizes a paper [4] to appear in full elsewhere. It pre- 
sents an algorithm for the minimization of a general (not necessarily 
differentiable) convex function. Its central idea is the construction of 
descent directions as projections of the origin onto the convex hull of 
previously calculated subgradients as long as satisfactory progress can 
be made. 

Using projection to obtain a direction,of movement for the conjugate 
gradient method is not new [5,8], but previous methods have projected 
onto the affine manifold spanned by the gradients, rather than onto the 
convex hull. Alternatively, Demjanov [2] has employed a projection 
onto the convex hull of a local set of subgradients to obtain a direction 
of steepest descent. The present algorithm may be said to combine these 
ideas. It is also connected with proposals of Bertsekas and Mitter [ 1 ] 
(by Theorem 2 below), and has many points in common with a method 
due to Wolfe [ 7]. 

2. Let H denote Euclidean n-space, A be an n-by-n matrix, and b ~ H. 
Let f ( x )  = ½ ( A x ,  x )  - (b, x )  and g(x)  = A x  - b. We study minimizing 
sequences of the form Xn+ 1 = X n + PnSn, where 

(Sn, gn +1) = 0 for n i> 0 ,  
(1) 

( Asi,  s/) = 0  for/=/=]. 
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It is well known that (1) implies (gn, si) = 0 for ] < n. We will suppose 
further that 

n 

S n = i ~ o ~ T g  i w i t h X T E ,  ~.n ~ 0 .  (2) 

Theorem 1. I f  a sequence satisfies (1), (2), then for  each n, s n is parallel 
to the projection o f  the origin onto the convex hull o f  g o . . . . .  gn. 

Since the projection is unique and f is minimized on the ray X n + p Sn, 
the sequence of  directions s n depends only on x 0, and is the same for 
any procedure for which (1), (2) hold. 

3. When f is not  quadratic, the definition of  s n as a projection onto the 
convex hull of  the preceding gradients offers itself as a natural replace- 
ment  for the usual formulas of  the variable metric method.  For a con- 
vex function f on H, we recall the e-subdifferential of  Rockafellar [6, 
p. 219], 

~ J ( x )  = {g E H: f (  y )  >>- f ( x )  + (g, y - x )  - e for all y E H}, 

and the formula 

s u p { ( s , g ) : g E  a .f(x)} = inf [ f ( x + p s ) - f ( x ) + e ] / p .  (3) 
o > 0  

Theorem 2. I f  f is convex and quadratic, then for  a sequence in which 

(1.2) hold, gn ~ b~n(XO) f or all n, where e n = f ( x  0) - f (Xn).  

(The proof  is almost immediate, using the fact that (gn, Xn - Xo) <<- 0 for 
all n.) 

Now if the conclusion of  Theorem 2 held for some nonquadratic 
convex function f,  we could show that f ( X n )  tended to the minimum 
value of f:  since e n is an increasing sequence, gm ~ a~nf(Xo) for m ~<n, 
so s n ~ b~nf(Xo). The limiting values f ( x  n) ~ f * ,  e n ~ e* = f ( x  0) _ _ f *  
exist, and we can show that s n -*0,  whence 0 ~ a~ . f ( xo ) .  The left-hand 
side of  (3) is thus nonnegative for any s when x = x 0; we conclude for 
any y E H that f ( y )  >1 f ( x o )  - e* = f * ,  which is then the minimum 
value o f f .  This observation motivates our algorithm. 
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4. L e t f b e  a convex function on H, let x 0 E H and go ~ af (Xo)  be given, 
and let a,/3, e, r? be positive numbers with ~,/3 < 1. Set n = p = 0. 

Step  1. Determine s n as the negative of  the projection of  0 onto the 
convex hull Of gp, gp+l . . . . .  gn" If ISnl << r?, stop. 

Step  2. Find (by dichotomous search)Xn+ 1 = x n + PnSn (Pn ~> 0)  and 
gn + 1 E O(jef(Xn + 1 ) such that (gn + 1, Sn ) >~ -- o~ Is n 12 . 

Step  3. Increase n by 1. If (gn, Xn - Xp) ~< (1 -/3) e, go to step 1. 
Step  4. Set p = n and go to step 1. 
(Step 1 is a simple quadratic programming problem, and it can be 

shown that On in step 2 is an approximation of  the optimal step in the 
direction s n. ) 

5. As long as step 4 is not  taken, the algorithm approximates a conjugate 
gradient algorithm, for if gn E ~ e f ( X n )  and (gn, Xn -- Xp)  <~ (1 --  /3) e, 

then gn E O e, f (Xp)  with e' = f (Xp) - f (Xn) + e. When the algorithm ter- 
minates in step 1, we have s n ~ ac,f(Xp) and , fo r  all y E H, 

f ( y )  >i f (Xp)  + (Sn, y - Xp) - e' = (s n, y - Xp) + f (Xn)  - e.  

It follows that  f (Xn) < f ( y )  + r?l y - Xp l + e for all y,  so that x n approx- 
imately minimizes f over H, to the degree measured by z? and e. 

The class of  functions f for which termination can be shown includes 
those which are strongly convex, that is, for which there exists 6 > 0 
such that :for all x, y E H and 0 < X < 1. 

f [ X x + ( 1 - X ) y ]  ~< X f ( x )  + ( 1 - X ) f ( y ) - 6 X ( 1 - X ) l y - x l .  

Theorem 3. I f  f is strongly convex,  the algori thm will  terminate  after 
some f in i te  number  o f  steps in the s top o f  step 1. 
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