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Itis easy to see thatdet D(1'D ~ '1) may be evaluated as det € the determinant of o
giving another expression for content and incidentally yet another use of this matrix,
whose inverse we have already seen yields so many useful properties.

When A(g) # 0. Yisof full rank n and the geometrical significance of pseudocontent
needs to be identified. In the derivation of (14), D may now be replaced by F so that we
are looking for geometrical interpretations for detF, A(g) and 1'F ~'1. The points
P, P, ... P, st lie in an (n— 1)-dimensional hyperplane and have content C,.
Suppose this hyperplane is distance ¢ from the origin. The content of points
P, P,, ..., P, together with the origin 0 is (1/n!)det ¥, where ¥ is n x n with rank »n.
P Y13

For example 3 is the area of the triangle OP, P,. Now this area may be

21 Y232
expressed as the product of half the content of the base with the altitude from O. In
general (1/n!)det Yis the product of 1/n times content of the *base’ (i.e. C,/n) with the
altitude from O (i.e. d).

Thus

det Y=(n—1)IC,d
and
detF =(det Y)? = ((n — 1)!C,d)*.

This identifies det F but suggests that an expression for d might be useful. Such an
expression is found in the next paragraph.

All points lying in the hyperplane of ¥ will have coordinates I Ywhere [ ranges over
all values such that I'1 = 1. Hence d ? is the minimum value of I'YY'l = ['FI. Thus d is
the minimum of the Lagrangian ['FI — 2/(1'1 — 1). Differentiating with respect to I
gives Fl = ;1 and therefore i =1'Fl=d? and I = i/F ~'1. Hence

1'l=1=d4d*1F 1)
and
d*=(1'F ‘1)~ L. (16)

This identifies 1'F ~'1.
Using the formula (n — 1)!1*C,? = det (F + 11') when F is non-singular gives

(n—1)12CH2 =detF(1 + 1'F ~'1)
=det F(1 + 1/d?)
ie.
C,2=Cx(1+d%) (17)

relating the pseudocontent C, to the true content C,.
Comparing (17) with (14) identifies A(g) to give

A(g) =d*1'D~'1 = —d*/R? (18)
1D~ 'I/IF 1.
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The geometrical meaning of A(g) is now clear. When A(g) =0 then d =0 and Y is
represented in (n — 1) dimensions that contain the origin, which corresponds to (2),
where 5'Y = 0 identifies the origin. When A(g) < 0 then ¢? > 0 and the origin is outside
the space containing P, P,. .. .. P,. When A(g) > 0, d* is negative and ¥ cannot yield a
real Euclidean representation.

Letus now consider a matrix F of form (2) and consider the problem of evaluating the
content C,_, of a face, obtained by dropping, say, the last row and column of D.
Clearly F,_, the leading (n — 1) principal minor of F contains all the information
needed to reconstruct the leading (n — 1)-minor of D, and indeed also the deleted row
and column. F,_, is not admissible so we have that

(n—2)12C 2 =detF, (1 +1F, 1) =detF,_,(1 + 1/d?)

where d is now to be identified as the altitude 4, from P,.
From (17)

(n—2)12C2_, =detF,_,/d?
=detF,_,(1'F,\1). (19)

This formula shows that the content of successively smaller subsets of vertices may be
found from matrices of type (2) as well as from D itself. by using much the same
formula.

To close this section a direct proof is given of the relationship (7) for the altitudes.
We have seen that (n— 1)!*C; =det C and that C, = (n—1)"'C,_ ,h; where C, , is
now the content of the face opposite P, and /4, is the corresponding altitude. Now
(n—2)!12C?_ | isgiven by det C,, the ith principal minor of C. Hence det C — h3 det C,so
that & is the ith diagonal value of C ' as required by (7).

5. Eigenvalue results
A simple algebraic result is useful. Defining A (g) to be A(g) with D replaced by
D — /I. it is simple to show that
Ag+oal)=A,(g9) +2a1'(D — il) " '1.
Also
detF =det(D + 1g" + g1') =det D A(g).
It follows that the characteristic equation of (1) is
det(D—Al)A;(g)=0 (20)

and the characteristic equation of (2) is obtained from (20) by replacing ¢ by
3(s'Ds)1 — Ds to give, after some manipulation,

sdet(D — A[A{1(D — i1) 's)?
— V(D — A1) '"1s'(D — 1) 's —s's1'(D — il)~ "11=0 (21)

Thus (21) always has a zero eigenvalue (corresponding to the vector s) showing that (2)
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always gives coordinates Y in, at most, n — | dimensions. If D itself has zero eigenvalues
then (2) has one more zero eigenvalue than D whenever s is not in the null space of D.
This reduction in rank can only be achieved by choosing g to make (1) compatible with
(2) and then it gives the greatest reduction possible. Geometrically, (2) generates
coordinates Y of points in the minimal dimensioned space. From (20) and (21) it follows
that the smallest eigenvalue of F is never greater than the second-smallest eigenvector of
D. Hence for D to be Euclidean it is necessary, though not sufficient, for D to have only
one negative eigenvalue.

When (2) has p (say) positive and ¢ (say) negative eigenvalues, a Euclidean
representation is not possible. It may then be asked, what is the maximal subset of the
points P,, P,..... P, that is Euclidean? A plausible conjecture is that this subset is of
size p + 1, but Fig. 2 gives a counterexample. For the ‘tetrahedron’ of Fig. 2, (21) has
two positive eigenvalues, one negative eigenvalue and the mandatory zero eigenvalue.
Thus p+1=3 and the conjecture requires at least one closed triangle in the
configuration. No such triangle exists.

\\
?,

Fig. 2. In this configuration no triangle is closed but the number of positive eigenvalues of (21) is 2.

The structure of Fig. 2 may be generalised to n points, by having one side of length @,
joined to two sides of length a,, joined to three sides of length ;. and so on. We can
ensure that no triangle is closed by requiring that @, > 24, , fori=1,2....,n — 2. With
this configuration it may be shown that the minimum number of positive eigenvalues of
(21) is in, obtained when the signs alternate (+ — + — + —---), and the maximum
number is about 2n/3. obtained with the following sequence of signs (+ — +. + — +,
+ — +,---). What happens with less regular structures is not known but the above
results are sufficient to indicate that there is no simple relationships between the number
of positive eigenvalues and the size of maximal Euclidean subsets of points.
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