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JOINTLY CONSTRAINED BICONVEX PROGRAMMING*

FAIZ A. AL-KHAYYALt} aND JAMES E. FALK§ #

This paper presents a branch-and-bound algorithm for minimizing the sum of a convex
function in x, a convex function in y and a bilinear term in x and y over a closed set. Such an
objective function is called biconvex with biconcave functions similarly defined. The feasible
region of this model permits joint constraints in x and y to be expressed. The bilinear
programming problem becomes a special case of the problem addressed in this paper. We
prove that the minimum of a biconcave function over a nonempty compact set occurs at a
boundary point of the set and not necessarily an extreme point. The algorithm is proven to
converge to a global solution of the nonconvex program. We discuss extensions of the general
model and computational experience in solving jointly constrained bilinear programs, for
which the algorithm has been implemented.

Introduction. One of the most persistently difficult and recurring nonconvex prob-
lems in mathematical programming is the bilinear program, whose general form is

minimize ¢"x + x"dy + d"y
x) (1)
subjectto xEX,yEY

where ¢ and d are given vectors, 4 is a given p X ¢ matrix, and X and Y are given
polyhedra in %27 and %1, respectively.

Mills [15], Mangasarian [12]), Mangasarian and Stone [13], and Altman [1] studied
the problem as formulated in the bimatrix game context. Solution procedures were
either locally convergent (e.g., [1], [2]) or completely enumerative (e.g., [13]).

Cabot and Francis [2] proposed an extreme point ranking procedure for the
solution. Konno, in a series of papers [9]-[11], develops a cutting plane approach
designed to converge locally, and in a finite number of steps to an e-optimal solution.

By taking the partial dual of (1) with respect to y, the problem becomes a min-max
problem wherein the constraint region available to the “inside optimizer” (i.e., the
maximizer) is determined by the selection of the “outside optimizer’s” (i.e., the min-
imizer over X ) move. Falk [4] addressed this formulation and proposed a branch-and-
bound solution procedure. Vaish and Shetty developed two finite procedures: one
involving the extension of Tui’s method of “polyhedral annexation” [20] and the other
being a cutting plane procedure employing polar cuts [21]. Subsequently, Sherali and
Shetty [18] improved the latter procedure by incorporating disjunctive face cuts.

Finally, Gallo and Ulkiicii [7] addressed the min-max formulation by developing a
cutting plane approach in connection with Tui’s method.

Applications of the bilinear programming problem include constrained bimatrix
games, dynamic Markovian assignment problems, multicommodity network flow
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problems and certain dynamic production problems. Konno [10] discusses a host of
applied problems which can be formulated as bilinear programs.

In this paper, we describe a new approach to the problem which is guaranteed to
converge to a global solution. The method is capable of solving a wider class of
problems than addressed above. We prove convergence and discuss extensions of the
general model. Finally, some computational experience is presented.

The problem. The specific problem addressed herein has the form
min o(x, y) = f(x) + xTy + g()
subject to  (x, y)E S N,

where:

(a) f and g are convex over S N §;

(b) S is a closed, convex set; and

©@Q={(x,p):I<x<Lm<y< M)

We shall refer to this as Problem #.

Immediate extensions of the problem are obvious. For example, a term of the form
xTAy can be transformed into x ’z if the (linear) constraint z = Ay is included among
those defining S, and if the bounds n = min{(A4y);:m < y < M} and N, =
max{(4y);:m < y < M} replace the bounds on y in defining £. Also, a sum such as
Sexy; is easily transformed to the form required in Problem #. Note that this
problem is not convex and, even though each term x,y, of x "y is quasiconvex, proper
local solutions are possible. For example, the simple problem min{xy: ~1< x <2,
—2 < y < 3} has local solutions at (—1,3) and (2, —2).

The set S allows for joint constraints on (x, y), and hence we are addressing a
problem of more generality than the traditional bilinear program, even when we
restrict f and g above to be linear functions. The traditional bilinear program (having
form (1)) will possess a solution at an extreme point (see, e.g., Falk [4]), but this
property is lost in the jointly constrained case. For example, the problem

mi(rii.t;l)ize —Xx+xy-—y
subjectto — 6x + 8y < 3,
3x ~y <3,
0<x,y<5

has a solution (7/16, 1/2) at a point which is not among the extreme points of its
feasible region, and the extreme points of this problem are not solutions.

While a jointly constrained bilinear program may possess nonvertex solutions, we
can show that such problems must have boundary solutions. We shall prove this in a
somewhat more general context, by assuming the objective function is “jointly con-
cave” and the feasible region is compact.

THEOREM 1. Let ¢(x, y) be a continuous function defined over the nonempty compact
set S, and assume that the functions (-, y) and ¢(x, -) are both concave functions. Then
the problem min{¢(x, y):(x, y) € S} has a solution on 0S, the boundary of S.

PrROOF. Assume that this problem has a solution (X, ) € intS. Let (x*, y*) denote
a point on 9§ which minimizes the Euclidean distance between 9.5 and (X, 7), and let
d* denote this minimum distance.

Let (s,0) = 2(X, ) — (x*, y*), so that (X, j) i1s the midpoint of the line segment
joining (s,¢) and (x*, y*). Note that (s.7) is feasible.
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We have
¢(%, ) = ¢(3(x* p*) +3(s:1))
>46(x% 4y + 1)+ Jo(sd " +40)
> L[ d(x*, y*) + o(x*,1) + o(s, y*) + o(s, 1) ].
But (X, y) is a solution so that

o(X, 7) < min{@(x*, y*), o(x*, 1), ¢(s, y*), (s, ) }
which implies

(%, ) <H[S(x*, %) + 6(x* 1) + 9(s, y*) + (5:1) |
Hence
¢(X, j) = ¢(x* )%
and (x*, y*) € 0S must be a solution of the problem.

The algorithm. Since Problem Z is nonconvex, any algorithm designed to solve it
must take into account the behavior of ¢ over the entire feasible region § N Q. We
shall develop a branch-and-bound scheme to meet this requirement. The method is
patterned after the general scheme of Falk and Soland [5] although the results of this
reference cannot directly apply here, as we are dealing with a nonseparable objective
function.

We shall employ convex envelopes to obtain the bounds required. The convex
envelope of a function f over { is the pointwise supremum of all convex functions which
underestimate f over § (see [3]), and will be denoted here by Vexg f(x).

Since

n

n
Vexg( > xi)’i) = > Vexgxy;
i=1

i=1

where @ = {(x, y):I<x<Lm<y< M}, and @, ={(x;,y):} < x; < L;,m; < y,
< M,}, it suffices to compute Vexg x;,. In order to simplify the notation, we will
temporarily drop the subscripts on the quantities x,y;, /;, L;, m; and M;, and compute
Vexgxy where x and y are now real variables, as opposed to vectors.

THEOREM 2. Let Q={/< x<Lm< y< M}C A2
Then

Vexgxy = max{mx + ly — Im,Mx + Ly — LM }.

Proor. The convex envelope of a function f over  may be equivalently defined as
the pointwise supremum of all linear functions which underestimate f over . Since
x—1>0andy— m >0, it follows that

xy>mx+ly—Im

so that /,(x, y) = mx + ly — Im underestimates xy over Q. Likewise /y(x, y) = Mx +
Ly — LM underestimates xy over {. Hence

0(x, y) = max{/y(x, y),l(x, )}

underestimates xy over . Note that 6 is convex.

Also, simple computation shows that #(x, y) agrees with xy at the four extreme
points of the rectangle £, i.e., max{/,(x, y),/,(x, y)} = xy at the corners of .

If # were not the convex envelope of xy over @, there would be a third linear
function /(x, y) such that max{/\(%, §), (%, )} < (%, y) < Xy for some (£, ) € Q.
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But /; must also underestimate xy at the corners of 2, so /3(x¢, y) < x%° for each
corner (x¢, y°) of Q. This implies that /4(X, ) < max{/,(X, y),l(X, y)} which is a
contradiction.

The following related result, proven easily by direct computation, is useful in the
algorithm to be developed.

THEOREM 3. Under the assumptions of the previous theorem
Vexgxy = xy
for all (x, y) € Q.
The above two results directly imply the next corollary.
CoROLLARY. Ifx,y € R
Q={(x,y):l<x<L,m<y<M}, and
Q={(x»y): E<x; < L,m< y, < M},

then
n
Vexgx Ty = 3 Vexg xy;
=1

and x"y = Vexgx Ty for all (x, y) € 3.
Let

o(x, y) = f(x) + xTy + g())
where f and g are convex functions over {x:/<x < L} and {y:m< y< M},
respectively. Let
V(% p) = f(x) + Vexgx Ty + g()-

Note that y' is a convex underestimator of ¢, and furthermore, agrees with ¢ on 9.

We are now in a position to describe the algorithm. Based on the branch-and-bound
philosophy, the method proceeds as a sequence of stages 1,2,3, ... . At stage k, there
is a continuous function ¢*(x, y), which underestimates the original objective function
y over 2. A point (x*, y*) is determined as the (global) solution of the problem

minimize ¢*(x, y)

, (Problem 7% )
subjectto (x, y)ES NQ

so that the optimal value v* = y*(x*, y*) serves as a lower bound on the desired value
o* of problem Z.

The point (x*, y*) is feasible to problem Z, so that the value V'* = ¢(x*, y*) serves
as an upper bound on v*.

At stage k, the hyperrectangle £ will be partitioned into a set of hyperrectangles

QY = {(x,y) < x < LY, mY <y < MF }
The (convex) functions
Y9(x, y) = f(x) + Vexquxy + g())
underestimate ¢ over ¥, and make up the stage function ¢* according to the rule

Yoy =98 y) i (x. ) EQY.
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Because each of the functions /¥ agrees with ¢ along the boundary of 2%, the above
function is well defined for all (x, y) € &, including those points which may lie on the
boundaries of two or more of the sets Q¥

Associated with each ¢¥ and Q¥ at stage k, there is a convex program

minimize Y¥(x, y)

Problem #%
subject to (x, y) € S NQY ( )

and (x%, y¥) will denote a solution of this problem, with v¥ denoting the optimal
value.
The stage value v* is related to the value v* by

v* = min {v¥)
and (x*, y*) is any one of the points (x¥, y¥) which yields the value v*.
Stage 1 consists of problem #!, with ¢'(x, y) defined above. Solving the convex
program Z! yields
o' << VL
Obviously, if equality prevails throughout, (x', ') solves # and we are done.
If v! < V!, then we must have

Vexg(x!) y! <(x!) "y,
ie.,
max{mx; + Ly} — m;,Mx! + Ly! — LM,;} < xy/
for some i. We choose an I which produces the largest difference between the two
sides of the above inequality, and split the Ith rectangle into four subrectangles
according to the rule illustrated in Figure 1.
The result of this splitting serves to set up four new subproblems, #Z2!, 22, 23 and

&2 for Stage 2. These problems may best be described in terms of the regions Q%
which define them:

@ ={(xp): 1¥<x<L¥m¥< y< MY}

where
(1‘,2/‘, L,?!',mff,Mff) =, L,m M) if i#],
24 23
1 1
x5y
21 22
Q! Q;

FiGURE 1. Splitting 2, at stage 1.
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and
(L7 omp  MPY Yy = (4 g my ),
(P L mP MP )= (x] L, my . p)),
(P L7 mP M7y = (x] . Ly y] M),
(P mi MYy = (L, x5y M),

That is, all Q¥ =Q, for i= I, and Q7 are defined as in Figure 1, numbering
counterclockwise starting with the lower left-hand subrectangle of £, .

Note that each of the problems #¥ is feasible since (x', y') € § N Q¥ for each j.
Moreover, by the construction of ¥, we have ¢'(x'. y') < ¢¥(x', ') and hence

YHx, ) <P ) < (X, p)-

Solving each of the four convex problems # ¥ in turn yields a point (x?, y?) with lower
bound v? and upper bound V' for Stage 2. To be consistent with future notation, we
shall define the best lower bound v} = v* and the best upper bound V;? = min{ V', V?}.
Clearly,

vf SO << Vi)

If v = V2, we are done, with the solution (x*, y*) of problem # being that (x%, y¥)
which yields this common value.

At this point we have shown how to define Stage 1, and, from that, set up Stage 2.
In general, we must show how to proceed from Stage k to Stage (k + 1).

It is convenient, at this point, to refer to a Branch-and-Bound Tree. Figure 2
illustrates a typical case, wherein the nodes of the tree correspond to subproblems % .

In any implementation of the method, information describing the problems %%
must be stored. As in any branch-and-bound procedure, the number of problems
stored can become excessive. Note, however, that any subproblems #% from which
branching has taken place need not be stored, as the subproblems created from #%
more accurately estimate the original problem # than does #% . Nodes from which no
branching has yet taken place at stage k are termed open. There are ten open nodes in
Figure 2 in Stage 4.

Note, also, that any open node %% for which v/ > V} at Stage k can be dismissed
from further consideration (erased from storage), since the lower bound associated

Best Bounds

w
o Vo
% Vo
v Y%

FIGURE 2. A branch-and-bound tree at stage 4.
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with such a node promises no improvement over the feasible point which yielded the
value V}.

The functions /¥, which correspond to open nodes at Stage k, collectively make up
the stage function ¢*.

The best lower bound at Stage k is defined by

vy = min{o? : node (/, j) is open at Stage k}.
The best upper bound at Stage k is defined by
V,f‘=min{V’:l= ..., k}
and may be expressed recursively as
V= min{ i1y ke ps, Vk4}.

Moving from Stage k to Stage (k + 1) involves the selection of an open node at
Stage k, and the creation of four new nodes from that selected node.
Selection of a branching node is accomplished by means of the Best Bound Rule:

To move from Stage k to Stage k + 1, select an open node whose
lower bound 0¥ equals v} .

The creation of the four new nodes from the selected node proceeds in the same
manner as #2!, . .., #2 were created from # 1.
It follows, immediately from the above definitions, that

PSP <o* < S VRSV,

i.e., the best lower bounds increase towards v*, while the best upper bounds decrease
towards v*. It remains to show that the procedure converges to a global solution.

Convergence proof. In this section only, we will drop the functions f and g from the
definitions of ¢ and ¥, i.e., we set
n
o(x,y)=xTy = lem-
i=
There is clearly no loss of generality in this simplification, since both y* and ¢
included the common terms f and g.
We have by construction

\pk(x, ) < o(x,y) forall (x,y)€EQ

where ¥ is piecewise convex and continuous over £.
Moreover, {y*} is an increasing sequence of functions, bounded above by the
continuous function ¢. Thus {¢*} converges pointwise to some function y:

Jim ¥ (x, y) = ¥(x, y) < 9(x, ).

Now let {(x*, y%)} converge to (X, y) where t = 1,2, ... . We may assume k, = 1.
Each (x%, y*) is a member of some set 2% which we will label 2*V. Now at least one
of the sets 2%*'/ (j indexing the active nodes at stage k, + 1)' contains an infinite
number of members of {(x%, y*)}. Suppose we choose one of these, and let k,,, be

!To simplify the notation in the proof, it is convenient at this point to let j in the ordered superscript pair
(k, j) be an index for the open nodes at stage k. For example, at stage k = 4 in Figure 2, all the open nodes
can be arbitrarily relabelled P% with j varying from 1 to 10. There is no loss in generality by performing this
relabelling at every stage.
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the smallest integer larger than k, such that (x*+!, y%+1) lies in the chosen set. In this
way, we can assume that the sequence {(x%, y*)},., is associated with a nested
sequence of sets {2V}, ., ie.,

Q=0 52 5

Clearly,
- = k(t
(%, 7)€ (o
reT
and
[, =1lim MY < %, <lim L}V =L,
(ET (ET
m, = lim m} < 5, < lim M} = M,
(ET (ET
for each i.

Moreover, we must have:
either, =X, or X =1L,

and

eitherm, =y, or y, =M,

for some I, or otherwise we could not have {(x*, y*)} converging to (X, y).
Now suppose

(<% <L
and
m, <y, < M, for some i.
Then
KO < xfo< LKO
and

mik(t) < yik' < Mik(z)
for this i and ¢ sufficiently large. But
ki ke ki ke ko ko k Lk
X Vi Vexﬂ{f"’xi Vit S Xpln Vilo Vexﬂ';},'{xl(r)}’l(:)

where I(¢) is the index on which branching takes place at stage k,. In particular, I(?)
equals the above-mentioned 7 for infinitely many ¢. Hence, the right-hand side of this
last inequality goes to 0 as ¢t > oo, which yields the result

¥ Y=h k, k, k, =h (e k. kri— X Vv
Y(X, ¥) ,lg’}‘l’ (x" p™) tlgn}Vexﬂnx yi=¢(X,y),

assuming this limit exists.

We will show that the limit exists by proving that the pointwise limit is continuous.
This will be established by proving that the sequence {{/*} is equicontinuous (cf. [17]).
In a related paper by Horst [8], equicontinuity of a sequence of estimating functions is
assumed to hold, with convergence thereby assured.

Recall that

Y¥(x, ) = Vexgux Ty = > Vexguxy,  if (x,y) €QY.

i=1]
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For notational convenience, let
i
HY(x;, y;) = Vexgux,y;,

K (xi5 yi) = mix; + 19, — 19m,
and
hilg(xi s Vi) = Mx; + Lik'{yi - LMY,
so that

Y (x, )= .2] HY(x;, y) = 21 max{ hit (i i), b (% s )’i)}
when (x, y) € Q¥.
Let vy, be the solution value and (q;, 8;) the solution point of the maximum norm
problem max({||Vxy, : (x;, y)) € Q;}.
That is,
i = max{[[Vxy,|l : (x;» ;) €2} = [|( B> a)ll-

Note that (a;, ;) must be a corner point of the set ;. Furthermore, for every j and
all k,

max{||VA{| IVAFII} <vi,  i=1,....n,

since the refining rule ensures that [, < I[¥, m, < m¥, L, > LY, and M, > M}.

Consider the line .Z; in Q; going through an arbitrary point (x;, y,) €Q; in the
direction (a;, B;). Construct the line in #3 having domain -#; and slope y,. The
surface of revolution of this line about the vertical axis passing through the point
(x;» yi»xy;) is a nonconvex cone. Truncate the cone, top and bottom, at Euclidean
distances of x; y, — €¢/n and x; y, + ¢/n away from the x;, y,-plane. This yields the
cone C of Figure 3.

The projection of C onto the x;, y-plane is the set {(u;,v,):||(x;, y;) — (4,0l
< €/ny;}. Let y =maxy;, and § = ¢/ny. Then we can write: given € > 0, for any
(xi’ yi),(uiavi) € Qb

(x5 y:) = (w5 0)1l < §=|xy, —uv| <e/n

foreveryi=1,...,n.

5
'

(xi.yi.xiyi)

©
~N
>

(ai.Bi)
<&

.y,

)

FIGURE 3. Cone generated by line in R having domain -#; and slope v;.
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If the cone C is moved along the vertical axis until its center rests on the point
(x:» yi» H¥(x;, y,)), then it can be shown that

0]

1

[Hikj(xi » Vi)~ Hikj(ui )| < xy; —u

for all i, j, k, and any (x;, y;) and (u;,v,) satisfying ||(x;, y,) — (&;,v,)|| < 8. This follows
from the fact that any (piecewise linear) line segment on the surface of HY, in any
direction, cannot intersect the boundary of the cone C (see Figure 3). This is
guaranteed by y; being the maximum slope of any /ine tangent to the graph of x,y;,
and HY defining a piecewise affine underestimating function for x,y,. Notationally,
this may be expressed as

m}":lx{“Vhilfjll’llv;'ilzc”l} Svsy

for every i and all k£, where ; indexes the active nodes at Stage k.
Hence, we can write: given € > 0, for any (x, y), (¥,0) € &,

(x, y) = (u,0)[| <8=||(x;5 yi) = (u,0)|| <8
$lHikj()‘i s Vi) — Hikj(ui o) <e€/n

=y (x, y) — ¥ (u )| < e

for all k. This is precisely the definition of equicontinuity on a set, which completes the
proof of convergence.

Computational considerations. The proof of convergence only requires S to be
closed. The convexity of S has been assumed only to ensure that each problem Z¥ is
a convex program, thus making global solutions computationally feasible. The objec-
tive function, however, is nondifferentiable. Although problem #Z% can be solved by
nondifferentiable optimization algorithms, an alternative approach would be to solve
the equivalent problem % :

minimize f(x)+ e’z + g(y)

(x, »,2)
subject to  AY(x;,y)<z, i=1...,n
hY(x;, )<z, i=1,...,n,
(x, ) ESNQ
where e” = (1,1, ..., 1) is the summation vector.

Suppose (x*, y*) is generated by problem #*? at stage k. The set Q9 is then
partitioned into four regions, each having a subproblem defined on it. It is clear that
(x*, y¥) is feasible to each of these four problems. However, if (x*, y*,z*) denotes a
solution of problem Z%, then this point will not necessarily be feasible to the
subproblems. On the other hand, it is easy to show that the point (x*, y*,¢*), where
$F=x}yF and {¥=zF, i+ 1 (I is the branching index), is feasible to the latter
problems and may hence be used as a starting point for these subproblems.

A final comment on computational considerations concerns the infinite convergence
property of the algorithm. It is clear that the algorithm can be terminated at a
prespecified e degree of accuracy whenever

¢(xk’yk) _ lllk(xk,yk) < €.

While a rigorous proof has only been given for finite convergence to e-optimum
solutions, the branch-and-bound structure of the algorithm is flexible enough to
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incorporate acceleration of convergence procedures. Such a procedure has been
designed for the bilinear case and will be discussed in the next section. Although this
procedure found the exact solutions of all sample problems in a finite number of
stages, it is still an open problem whether or not acceleration of convergence tech-
niques exist that guarantee finite convergence for specialized cases of the general
problem.

Computational results. The branch-and-bound algorithm described in the preced-
ing sections has been implemented for jointly constrained bilinear programs of the
form

mi(nim)ize o(x, ) =cx+xTy+dy
Xy

subject to A(;) =a,

x
<
B(5) <@
0<I<x<L,
0<m< y<M

where 4 and B are n; X 2n and n, X 2n matrices, respectively. A FORTRAN IV code
implementing the algorithm was developed using the SEXOP, Version 4, package of
Marsten [14] to solve the linear programming subproblems.

To improve the convergence of the algorithm for nonvertex solutions, an accelera-
tion of convergence procedure was incorporated into the code. For each problem #%
such that v¥ < ¥}, a first order approximation of ¢ about the point (x%, y¥) is
minimized over the constraint set S N Q%. The solution, say (¥, §%), of this linear
program is a vertex of S N Q%, whereas (x¥, y¥) is only guaranteed to be on an edge
or a face of the polyhedron S N Q%. This step of the procedure will be recognized as
an application of the Frank-Wolfe method [6]. The next step is to minimize ¢ over the
line segment connecting the points (x%, y¥) and (X%, 5%). The latter problem is a
one-dimensional quadratic program that admits a closed form solution. The new point
thus generated yields a higher value of ¢% than does (x*, y¥) and is hence a better
candidate for future branching. For the sample problems solved, this procedure
located all known nonvertex solutions in a finite number of steps.

Two sample problems are exhibited below. These problems were randomly gener-
ated using pseudorandom numbers between — 10 and 10 for the constraint matrices
and the cost vectors. The upper bounds and right-hand-side vectors were generated as
pseudorandom numbers between 0 and 99.

EXAMPLE 1.
Minimize (2, ~4,8,4.9)x +xTy + (3, =1, ~2, ~4,5)y
xy
subjectto B'x < b', BY < b’
0<x<2, 0<y<20

where

b'=(1,3,54,00", b2=(0,7,3,6,2)".

-8 0 -6 1 -7

-6 2 -3 9 -3

B'=| 6 0 -7 -8 2
-1 1 -8 -7 =5

4 -7 4 5 1
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and
0 5 —-49 —7
7 4 37 5
B*=| 6 1 -8 8 0]
-3 2 70 1
-2 -3 8 5 -2

The algorithm found the minimum —45.38 at the point x* = (4.5667,20,3.2,0,0)
and y* = (0,0,0.19565,0.086957,0), after exploring five nodes, four of which were
deleted before solving the extra problem called for by the acceleration of con-
vergence technique. When the problem was resolved using the objective function
2,4,8, -1, - 3)x + xry +(—2,—1,-2,-4,5)y, the algorithm located the minimum
—42.963 at the point x* = (0,5.9821,0,4.375,20) and y* = (0.80645,0,0.45161,0,0)
after solving only one linear program.

EXAMPLE 2.
Mi(nim)ize (—1,—-2,——3,—4,—-5)x+xry+(—l,—2,—3,—4,—5))’
x, y
subject to B(;)< b,

Xy + X+ x3—2x4+ x5+ y, +y, +4y; + y, + 3ys < 200,

é x; 2 1, é yi>2,
’—<] x; < 100, ’_10 < y; < 100,
where
b = (80,57,92,55,76, 14,47,51, 36, 92)T
and

0 -6 -3 -3 5 =7
-9 -7 -9 0 8 -7
8 9 0 9 -7 -8
9 5 -3 1 -1 -5
3 0 4 -5 =2 9
-7 =8 =1 6 -2 -9/
9 0 0 -6 -5 -5
-1 2 5 -8 -5 2
2 6 -9 1 -5 0
-6 8 8 5 2 -1

I
—_
I

N
|

-5
—4
-2

-]
|
|
W
QN = ] =00 O W
|

I
|

SO Hh NN — W
|
PO 1O RAOOWIWL

Several problems were solved using the same B matrix and b vector. After each
solution, the cost vector and feasible region bounding constraints were arbitrarily
adjusted in an attempt to produce a more challenging problem. The problem exhibited
above was the result of this experiment. The algorithm found the minimum — 794.86 at
the point x* = (100,0,0,80.94,0) and y* = (0,0, 17.828,0,63.523). For this problem,
the extra linear program was solved at seven of the thirteen nodes explored.

Extensions. With a little extra work the algorithm described in this paper can be
used to solve programs having a general bilinear form in the objective function;
namely,

mi(nim)ize o(x, y) = f(x)+ x"Ay + g(»)
x, y
subject to  (x, y) €S N



JOINTLY CONSTRAINED BICONVEX PROGRAMMING 285

where A is a general p X ¢ matrix, and all functions and sets are as defined earlier. The
extra work involved takes the form of exploiting any structure that 4 may have and
then making a coordinate change that transforms the bilinear term x "4y into an inner
product term in the new coordinate variables. These coordinate transformations
correspond to the introduction of new bases for the range space and domain space of
A. Care must be taken to compute upper and lower bounds on the new variables,
preferably as tight as possible. We will illustrate the approach by describing how
certain 4 matrices could be handled.

When 4 is nonsingular and is also isotone (or antitone), making the transformation
z = Ay immediately leads to a canonical form accepted by the algorithm. If 4 is only
nonsingular, a hyperrectangle bounding the z-vector can be computed with little extra
work. The most general problem arises when 4 is nonsquare with rank p. For this case
we appeal to matrix factorization techniques that have been extensively used in
large-scale linear programming procedures. In particular, the 4 = QRZ decomposition
and the singular-value decomposition lead to a suitable transformed problem. The
theory and numerical techniques involved are discussed in Stewart [19] and Noble [16].
These matrix decomposition procedures yield an inner product in the new coordinates
with only p nonzero terms. Thus the added work in decomposing A4 is exploited by the
algorithm, which now has only p convex envelopes and branching indices to account
for—a considerable savings when p is small.

Another extension of the algorithm is to permit f and g to be separable concave
functions. That is, the objective function can be expressed as

o(x,y) = igl fi(x) + xT)’ + igl g&(»)

where all f; and g are concave. Convex envelopes of f; and g; over the bounded
variables are easily computed. Moreover, the convex enevelope of ¢ over @, not just a
convex underestimating function as we had before, is now available as a result of the
following.

THEOREM 4. Let f; and g; be concave; then

n
Vexgd(x, y) = 21 {Vexy; 11 fi(x;) + Vexgxy, + Vex,, 18:())}-

=
The proof of this theorem is a direct extension of the arguments used in Theorem 2.
As defined above, the function ¢ is biconcave. With minor adjustments to the
branching rule and convergence proof, our approach can be applied to the problem of
minimizing a biconcave function over S N ©, the solution of which is known to lie on
the boundary of the feasible set. Moreover, the matrix factorization procedures can be

invoked to handle biconcave objective functions having a general bilinear term.
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